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Preface

We are pleased to present this collection of research and survey papers on
the subject of experimental algorithmics. In September 2000, we organized
the first Schloss Dagstuhl seminar on Experimental Algorithmics (seminar
no.00371), with four featured speakers and over 40 participants. We invited
some of the participants to submit write-ups of their work; these were then
refereed in the usual manner and the result is now before you. We want to
thank the German states of Saarland and Rhineland-Palatinate, the Dagstuhl
Scientific Directorate, our distinguished speakers (Jon Bentley, David John-
son, Kurt Mehlhorn, and Bernard Moret), and all seminar participants for
making this seminar a success; most of all, we thank the authors for submit-
ting the papers that form this volume.

Experimental Algorithmics, as its name indicates, combines algorithmic
work and experimentation. Thus algorithms are not just designed, but also
implemented and tested on a variety of instances. In the process, much can
be learned about algorithms. Perhaps the first lesson is that designing an
algorithm is but the first step in the process of developing robust and effi-
cient software for applications: in the course of implementing and testing the
algorithm, many questions will invariably arise, some as challenging as those
originally faced by the algorithm designer. The second lesson is that algorithm
designers have an important role to play in all stages of this process, not just
the original design stage: many of the questions that arise during implemen-
tation and testing are algorithmic questions—efficiency questions related to
low-level algorithmic choices and cache sensitivity, accuracy questions aris-
ing from the difference between worst-case and real-world instances, as well
as other, more specialized questions related to convergence rate, numerical
accuracy, etc. A third lesson is the evident usefulness of implementation and
testing for even the most abstractly oriented algorithm designer: implemen-
tations yield new insights into algorithmic analysis, particularly for possible
extensions to current models of computation and current modes of analy-
sis, during testing, by occasionally producing counterintuitive results, and
opening the way for new conjectures and new theory.

How then do we relate “traditional” algorithm design and analysis with
experimental algorithmics? Much of the seminar was devoted to this ques-
tion, with presentations from nearly 30 researchers featuring work in a variety
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of algorithm areas, from pure analysis to specific applications. Certain com-
mon themes emerged: practical, as opposed to theoretical, efficiency; the need
to improve analytical tools so as to provide more accurate predictions of be-
havior in practice; the importance of algorithm engineering, an outgrowth of
experimental algorithmics devoted to the development of efficient, portable,
and reusable implementations of algorithms and data structures; and the use
of experimentation in algorithm design and theoretical discovery.

Experimental algorithmics has become the focus of several workshops:
WAE, the Workshop on Algorithm Engineering, started in 1997 and has now
merged with ESA, the European Symposium on Algorithms, as its applied
track; ALENEX, the Workshop on Algorithm Engineering and Experiments,
started in 1998 and has since paired with SODA, the ACM/SIAM Sympo-
sium on Discrete Algorithms; and WABI, the Workshop on Algorithms in
Bioinformatics, started in 2001. It is also the focus of the ACM Journal of
Ezxperimental Algorithmics, which published its first issue in 1996. These var-
ious forums, along with special events, such as the DIMACS Experimental
Methodology Day in Fall 1996 (extended papers from that meeting will ap-
pear shortly in the DIMACS monograph series) and the School on Algorithm
Engineering organized at the University of Rome in Fall 2001 (lectures by
Kurt Mehlhorn, Michael Jiinger, and Bernard Moret are available online at
www.info.uniroma2.it/ italiano/School/), have helped shape the field
in its formative years. A number of computer science departments now have
a research laboratory in experimental algorithmics, and courses in algorithms
and data structures are slowly including more experimental work in their
syllabi, aided in this respect by the availability of the LEDA library of algo-
rithms and data structures (and its associated text) and by more specialized
libraries such as the CGAL library of primitives for computational geometry.
Experimental algorithmics also offers the promise of more rapid and effective
transfer of knowledge from academic research to industrial applications.

The articles in this volume provide a fair sampling of the work done under
the broad heading of experimental algorithmics. Featured here are:

— a survey of algorithm engineering in parallel computation—an area in
which even simple measurements present surprising challenges;

— an overview of visualization tools—a crucial addition to the toolkit of al-
gorithm designers as well as a fundamental teaching tool;

— an introduction to the use of fixed-parameter formulations in the design of
approximation algorithms;

— an experimental study of cache-oblivious techniques for static search
trees—an awareness of the memory hierarchy has emerged over the last
10 years as a crucial element of algorithm engineering, and cache-oblivious
techniques appear capable of delivering the performance of cache-aware
designs without requiring a detailed knowledge of the specific architecture
used;
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— anovel presentation of terms, goals, and techniques for deriving asymptotic
characterizations of performance from experimental data;

— a review of algorithms in VLSI designs centered on the use of binary deci-
sion diagrams (BDDs)—a concept first introduced by Claude Shannon over
50 years ago that has now become one of the main tools of VLSI design,
along with a description of the BDD-Portal, a web portal designed to serve
as a platform for experimentation with BDD tools;

— a quick look at two problems in computational phylogenetics—the recon-
struction, from modern data, of the evolutionary tree of a group of or-
ganisms, a problem that presents special challenges in that the “correct”
solution is and will forever remain unknown;

— a tutorial on how to present experimental results in a research paper;

— a discussion of several approaches to algorithm engineering for problems
in distributed and mobile computing; and

— a detailed case study of algorithms for dynamic graph problems.

We hope that these articles will communicate to the reader the exciting
nature of the work and help recruit new researchers to work in this emerging
area.

Rudolf Fleischer
September 2002 Erik Meineche Schmidt
Bernard M.E. Moret
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1. Algorithm Engineering for Parallel
Computation

David A. Bader', Bernard M. E. Moret!, and Peter Sanders?

! Departments of Electrical and Computer Engineering, and Computer Science

University of New Mexico, Albuquerque, NM 87131 USA
dbader@eece.unm.edu
moret@cs.unm.edu

2 Max-Planck-Institut fiir Informatik
Stuhlsatzenhausweg 85, 66123 Saarbriicken, Germany
sanders@mpi-sb.mpg.de

Summary.

The emerging discipline of algorithm engineering has primarily focused
on transforming pencil-and-paper sequential algorithms into robust, effi-
cient, well tested, and easily used implementations. As parallel computing
becomes ubiquitous, we need to extend algorithm engineering techniques
to parallel computation. Such an extension adds significant complications.
After a short review of algorithm engineering achievements for sequential
computing, we review the various complications caused by parallel com-
puting, present some examples of successful efforts, and give a personal
view of possible future research.

1.1 Introduction

The term “algorithm engineering” was first used with specificity in 1997, with
the organization of the first Workshop on Algorithm Engineering (WAE97).
Since then, this workshop has taken place every summer in Europe. The 1998
Workshop on Algorithms and Ezxperiments (ALEX98) was held in Italy and
provided a discussion forum for researchers and practitioners interested in the
design, analysis and experimental testing of exact and heuristic algorithms.
A sibling workshop was started in the Unites States in 1999, the Workshop
on Algorithm Engineering and Experiments (ALENEX99), which has taken
place every winter, colocated with the ACM/SIAM Symposium on Discrete
Algorithms (SODA ). Algorithm engineering refers to the process required to
transform a pencil-and-paper algorithm into a robust, efficient, well tested,
and easily usable implementation. Thus it encompasses a number of topics,
from modeling cache behavior to the principles of good software engineering;
its main focus, however, is experimentation. In that sense, it may be viewed as
a recent outgrowth of Experimental Algorithmics [1.54], which is specifically
devoted to the development of methods, tools, and practices for assessing
and refining algorithms through experimentation. The ACM Journal of Ezx-
perimental Algorithmics (JEA), at URL www. jea.acm. org, is devoted to this
area.

R. Fleischer et al. (Eds.): Experimental Algorithmics, LNCS 2547, pp. 1-23, 2002.
© Springer-Verlag Berlin Heidelberg 2002



2 David A. Bader et al.

High-performance algorithm engineering focuses on one of the many facets
of algorithm engineering: speed. The high-performance aspect does not im-
mediately imply parallelism; in fact, in any highly parallel task, most of the
impact of high-performance algorithm engineering tends to come from refin-
ing the serial part of the code. For instance, in a recent demonstration of
the power of high-performance algorithm engineering, a million-fold speed-
up was achieved through a combination of a 2,000-fold speedup in the serial
execution of the code and a 512-fold speedup due to parallelism (a speed-
up, however, that will scale to any number of processors) [1.53]. (In a further
demonstration of algorithm engineering, further refinements in the search and
bounding strategies have added another speedup to the serial part of about
1,000, for an overall speedup in excess of 2 billion [1.55].)

All of the tools and techniques developed over the last five years for al-
gorithm engineering are applicable to high-performance algorithm engineer-
ing. However, many of these tools need further refinement. For example,
cache-efficient programming is a key to performance but it is not yet well
understood, mainly because of complex machine-dependent issues like lim-
ited associativity [1.72, 1.75], virtual address translation [1.65], and increas-
ingly deep hierarchies of high-performance machines [1.31]. A key question
is whether we can find simple models as a basis for algorithm development.
For example, cache-oblivious algorithms [1.31] are efficient at all levels of the
memory hierarchy in theory, but so far only few work well in practice. As
another example, profiling a running program offers serious challenges in a
serial environment (any profiling tool affects the behavior of what is being
observed), but these challenges pale in comparison with those arising in a
parallel or distributed environment (for instance, measuring communication
bottlenecks may require hardware assistance from the network switches or at
least reprogramming them, which is sure to affect their behavior).

Ten years ago, David Bailey presented a catalog of ironic suggestions in
“Twelve ways to fool the masses when giving performance results on paral-
lel computers” [1.13], which drew from his unique experience managing the
NAS Parallel Benchmarks [1.12], a set of pencil-and-paper benchmarks used
to compare parallel computers on numerical kernels and applications. Bailey’s
“pet peeves,” particularly concerning abuses in the reporting of performance
results, are quite insightful. (While some items are technologically outdated,
they still prove useful for comparisons and reports on parallel performance.)
We rephrase several of his observations into guidelines in the framework of
the broader issues discussed here, such as accurately measuring and report-
ing the details of the performed experiments, providing fair and portable
comparisons, and presenting the empirical results in a meaningful fashion.

This paper is organized as follows. Section 1.2 introduces the important
issues in high-performance algorithm engineering. Section 1.3 defines terms
and concepts often used to describe and characterize the performance of par-
allel algorithms in the literature and discusses anomalies related to parallel
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speedup. Section 1.4 addresses the problems involved in fairly and reliably
measuring the execution time of a parallel program—a difficult task because
the processors operate asynchronously and thus communicate nondetermin-
istically (whether through shared-memory or interconnection networks), Sec-
tion 1.5 presents our thoughts on the choice of test instances: size, class,
and data layout in memory. Section 1.6 briefly reviews the presentation of
results from experiments in parallel computation. Section 1.7 looks at the
possibility of taking truly machine-independent measurements. Finally, Sec-
tion 1.8 discusses ongoing work in high-performance algorithm engineering
for symmetric multiprocessors that promises to bridge the gap between the
theory and practice of parallel computing. In an appendix, we briefly discuss
ten specific examples of published work in algorithm engineering for parallel
computation.

1.2 General Issues

Parallel computer architectures come in a wide range of designs. While any
given parallel machine can be classified in a broad taxonomy (for instance,
as distributed memory or shared memory), experience has shown that each
platform is unique, with its own artifacts, constraints, and enhancements.
For example, the Thinking Machines CM-5, a distributed-memory computer,
is interconnected by a fat-tree data network [1.48], but includes a separate
network that can be used for fast barrier synchronization. The SGI Origin
[1.47] provides a global address space to its shared memory; however, its non-
uniform memory access requires the programmer to handle data placement
for efficient performance. Distributed-memory cluster computers today range
from low-end Beowulf-class machines that interconnect PC computers using
commodity technologies like Ethernet [1.18, 1.76] to high-end clusters like
the NSF Terascale Computing System at Pittsburgh Supercomputing Cen-
ter, a system with 750 4-way AlphaServer nodes interconnected by Quadrics
switches.

Most modern parallel computers are programmed in single-program,
multiple-data (SPMD) style, meaning that the programmer writes one pro-
gram that runs concurrently on each processor. The execution is specialized
for each processor by using its processor identity (id or rank). Timing a par-
allel application requires capturing the elapsed wall-clock time of a program
(instead of measuring CPU time as is the common practice in performance
studies for sequential algorithms). Since each processor typically has its own
clock, timing suite, or hardware performance counters, each processor can
only measure its own view of the elapsed time or performance by starting
and stopping its own timers and counters.

High-throughput computing is an alternative use of parallel computers
whose objective is to maximize the number of independent jobs processed per
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unit of time. Condor [1.49], Portable Batch System (PBS) [1.56], and Load-
Sharing Facility (LSF) [1.62] are examples of available queuing and scheduling
packages that allow a user to easily broker tasks to compute farms and to vari-
ous extents balance the resource loads, handle heterogeneous systems, restart
failed jobs, and provide authentication and security. High-performance com-
puting, on the other hand, is primarily concerned with optimizing the speed
at which a single task executes on a parallel computer. For the remainder of
this paper, we focus entirely on high-performance computing that requires
non-trivial communication among the running processors.

Interprocessor communication often contributes significantly to the to-
tal running time. In a cluster, communication typically uses data networks
that may suffer from congestion, nondeterministic behavior, routing artifacts,
etc. In a shared-memory machine, communication through coordinated reads
from and writes to shared memory can also suffer from congestion, as well
as from memory coherency overheads, caching effects, and memory subsys-
tem policies. Guaranteeing that the repeated execution of a parallel (or even
sequentiall) program will be identical to the prior execution is impossible in
modern machines, because the state of each cache cannot be determined a
priori—thus affecting relative memory access times—and because of nonde-
terministic ordering of instructions due to out-of-order execution and run-
time processor optimizations.

Parallel programs rely on communication layers and library implementa-
tions that often figure prominently in execution time. Interprocessor messag-
ing in scientific and technical computing predominantly uses the Message-
Passing Interface (MPI) standard [1.51], but the performance on a particular
platform may depend more on the implementation than on the use of such
a library. MPI has several implementations as open source and portable ver-
sions such as MPICH [1.33] and LAM [1.60], as well as native, vendor im-
plementations from Sun Microsystems and IBM. Shared-memory program-
ming may use POSIX threads [1.64] from a freely-available implementa-
tion (e.g., [1.57]) or from a commercial vendor’s platform. Much attention
has been devoted lately to OpenMP [1.61], a standard for compiler direc-
tives and runtime support to reveal algorithmic concurrency and thus take
advantage of shared-memory architectures; once again, implementations of
OpenMP are available both in open source and from commercial vendors.
There are also several higher-level parallel programming abstractions that
use MPI, OpenMP, or POSIX threads, such as implementations of the Bulk-
Synchronous Parallel (BSP) model [1.77, 1.43, 1.22] and data-parallel lan-
guages like High-Performance Fortran [1.42]. Higher-level application frame-
work such as KeLP [1.29] and POOMA [1.27] also abstract away the details
of the parallel communication layers. These frameworks enhance the expres-
siveness of data-parallel languages by providing the user with a high-level
programming abstraction for block-structured scientific calculations. Using
object-oriented techniques, KeLP and POOMA contain runtime support for
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non-uniform domain decomposition that takes into consideration the two
main levels (intra- and inter-node) of the memory hierarchy.

1.3 Speedup

1.3.1 Why Speed?

Parallel computing has two closely related main uses. First, with more mem-
ory and storage resources than available on a single workstation, a parallel
computer can solve correspondingly larger instances of the same problems.
This increase in size can translate into running higher-fidelity simulations,
handling higher volumes of information in data-intensive applications (such
as long-term global climate change using satellite image processing [1.83]),
and answering larger numbers of queries and datamining requests in corpo-
rate databases. Secondly, with more processors and larger aggregate memory
subsystems than available on a single workstation, a parallel computer can
often solve problems faster. This increase in speed can also translate into
all of the advantages listed above, but perhaps its crucial advantage is in
turnaround time. When the computation is part of a real-time system, such
as weather forecasting, financial investment decision-making, or tracking and
guidance systems, turnaround time is obviously the critical issue. A less ob-
vious benefit of shortened turnaround time is higher-quality work: when a
computational experiment takes less than an hour, the researcher can afford
the luxury of exploration—running several different scenarios in order to gain
a better understanding of the phenomena being studied.

1.3.2 What is Speed?

With sequential codes, the performance indicator is running time, measured
by CPU time as a function of input size. With parallel computing we focus
not just on running time, but also on how the additional resources (typically
processors) affect this running time. Questions such as “does using twice as
many processors cut the running time in half?” or “what is the maximum
number of processors that this computation can use efficiently?” can be an-
swered by plots of the performance speedup. The absolute speedup is the ratio
of the running time of the fastest known sequential implementation to that
of the parallel running time. The fastest parallel algorithm often bears little
resemblance to the fastest sequential algorithm and is typically much more
complex; thus running the parallel implementation on one processor often
takes much longer than running the sequential algorithm—hence the need
to compare to the sequential, rather than the parallel, version. Sometimes,
the parallel algorithm reverts to a good sequential algorithm if the num-
ber of processors is set to one. In this case it is acceptable to report relative
speedup, i.e., the speedup of the p-processor version relative to the 1-processor
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version of the same implementation. But even in that case, the 1-processor
version must make all of the obvious optimizations, such as eliminating un-
necessary data copies between steps, removing self communications, skipping
precomputing phases, removing collective communication broadcasts and re-
sult collection, and removing all locks and synchronizations. Otherwise, the
relative speedup may present an exaggeratedly rosy picture of the situation.
Efficiency, the ratio of the speedup to the number of processors, measures
the effective use of processors in the parallel algorithm and is useful when
determining how well an application scales on large numbers of processors. In
any study that presents speedup values, the methodology should be clearly
and unambiguously explained—which brings us to several common errors in
the measurement of speedup.

1.3.3 Speedup Anomalies

Occasionally so-called superlinear speedups, that is, speedups greater than
the number of processors,! cause confusion because such should not be pos-
sible by Brent’s principle (a single processor can simulate a p-processor al-
gorithm with a uniform slowdown factor of p). Fortunately, the sources of
“superlinear” speedup are easy to understand and classify.

Genuine superlinear absolute speedup can be observed without violating
Brent’s principle if the space required to run the code on the instance exceeds
the memory of the single-processor machine, but not that of the parallel
machine. In such a case, the sequential code swaps to disk while the parallel
code does not, yielding an enormous and entirely artificial slowdown of the
sequential code. On a more modest scale, the same problem could occur one
level higher in the memory hierarchy, with the sequential code constantly
cache-faulting while the parallel code can keep all of the required data in its
cache subsystems.

A second reason is that the running time of the algorithm strongly de-
pends on the particular input instance and the number of processors. For
example, consider searching for a given element in an unordered array of
n > p elements. The sequential algorithm simply examines each element of
the array in turn until the given element is found. The parallel approach may
assume that the array is already partitioned evenly among the processors
and has each processor proceed as in the sequential version, but using only
its portion of the array, with the first processor to find the element halting
the execution. In an experiment in which the item of interest always lies in
position n — n/p + 1, the sequential algorithm always takes n — n/p steps,
while the parallel algorithm takes only one step, yielding a relative speedup
of n—n/p > p. Although strange, this speedup does not violate Brent’s prin-
ciple, which only makes claims on the absolute speedup. Furthermore, such
strange effects often disappear if one averages over all inputs. In the example

1 Strictly speaking, “efficiency larger than one” would be the better term.
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of array search, the sequential algorithm will take an expected n/2 steps and
the parallel algorithm n/(2p) steps, resulting in a speedup of p on average.

However, this strange type of speedup does not always disappear when
looking at all inputs. A striking example is random search for satisfying
assignments of a propositional logical formula in 3-CNF (conjunctive normal
form with three literals per clause): Start with a random assignment of truth
values to variables. In each step pick a random violated clause and make it
satisfied by flipping a bit of a random variable appearing in it. Concerning the
best upper bounds for its sequential execution time, little good can be said.
However, Schoning [1.74] shows that one gets exponentially better expected
execution time bounds if the algorithm is run in parallel for a huge number
of (simulated) processors. In fact, the algorithm remains the fastest known
algorithm for 3-SAT, exponentially faster than any other known algorithm.
Brent’s principle is not violated since the best sequential algorithm turns out
to be the emulation of the parallel algorithm. The lesson one can learn is that
parallel algorithms might be a source of good sequential algorithms too.

Finally, there are many cases were superlinear speedup is not genuine.
For example, the sequential and the parallel algorithms may not be applica-
ble to the same range of instances, with the sequential algorithm being the
more general one—it may fail to take advantage of certain properties that
could dramatically reduce the running time or it may run a lot of unneces-
sary checking that causes significant overhead. For example, consider sorting
an unordered array. A sequential implementation that works on every possi-
ble input instance cannot be fairly compared with a parallel implementation
that makes certain restrictive assumptions—such as assuming that input ele-
ments are drawn from a restricted range of values or from a given probability
distribution, etc.

1.4 Reliable Measurements

The performance of a parallel algorithm is characterized by its running time
as a function of the input data and machine size, as well as by derived mea-
sures such as speedup. However, measuring running time in a fair way is
considerably more difficult to achieve in parallel computation than in serial
computation.

In experiments with serial algorithms, the main variable is the choice of
input datasets; with parallel algorithms, another variable is the machine size.
On a single processor, capturing the execution time is simple and can be done
by measuring the time spent by the processor in executing instructions from
the user code—that is, by measuring CPU time. Since computation includes
memory access times, this measure captures the notion of “efficiency” of a
serial program—and is a much better measure than elapsed wall-clock time
(using a system clock like a stopwatch), since the latter is affected by all other
processes running on the system (user programs, but also system routines,
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interrupt handlers, daemons, etc.) While various structural measures help in
assessing the behavior of an implementation, the CPU time is the definitive
measure in a serial context [1.54].

In parallel computing, on the other hand, we want to measure how long
the entire parallel computer is kept busy with a task. A parallel execution is
characterized by the time elapsed from the time the first processor started
working to the time the last processor completed, so we cannot measure the
time spent by just one of the processors—such a measure would be unjustifi-
ably optimistic! In any case, because data communication between processors
is not captured by CPU time and yet is often a significant component of the
parallel running time, we need to measure not just the time spent executing
user instructions, but also waiting for barrier synchronizations, completing
message transfers, and any time spent in the operating system for message
handling and other ancillary support tasks. For these reasons, the use of
elapsed wall-clock time is mandatory when testing a parallel implementa-
tion. One way to measure this time is to synchronize all processors after
the program has been started. Then one processor starts a timer. When the
processors have finished, they synchronize again and the processor with the
timer reads its content.

Of course, because we are using elapsed wall-clock time, other running pro-
grams on the parallel machine will inflate our timing measurements. Hence,
the experiments must be performed on an otherwise unloaded machine, by
using dedicated job scheduling (a standard feature on parallel machines in
any case) and by turning off unnecessary daemons on the processing nodes.
Often, a parallel system has “lazy loading” of operating system facilities or
one-time initializations the first time a specific function is called; in order not
to add the cost of these operations to the running time of the program, sev-
eral warm-up runs of the program should be made (usually internally within
the executable rather than from an external script) before making the timing
runs.

In spite of these precautions, the average running time might remain
irreproducible. The problem is that, with a large number of processors, one
processor is often delayed by some operating system event and, in a typical
tightly synchronized parallel algorithm, the entire system will have to wait.
Thus, even rare events can dominate the execution time, since their frequency
is multiplied by the number of processors. Such problems can sometimes be
uncovered by producing many fine-grained timings in many repetitions of
the program run and then inspecting the histogram of execution times. A
standard technique to get more robust estimates for running times than the
average is to take the median. If the algorithm is randomized, one must first
make sure that the execution time deviations one is suppressing are really
caused by external reasons. Furthermore, if individual running times are not
at least two to three orders of magnitude larger than the clock resolution,



1. Algorithm Engineering for Parallel Computation 9

one should not use the median but the average of a filtered set of execution
times where the largest and smallest measurements have been thrown out.

When reporting running times on parallel computers, all relevant infor-
mation on the platform, compilation, input generation, and testing method-
ology, must be provided to ensure repeatability (in a statistical sense) of
experiments and accuracy of results.

1.5 Test Instances

The most fundamental characteristic of a scientific experiment is reproducibil-
ity. Thus the instances used in a study must be made available to the commu-
nity. For this reason, a common format is crucial. Formats have been more or
less standardized in many areas of Operations Research and Numerical Com-
puting. The DIMACS Challenges have resulted in standardized formats for
many types of graphs and networks, while the library of Traveling Salesper-
son instances, TSPLIB, has also resulted in the spread of a common format
for TSP instances. The CATS project [1.32] aims at establishing a collection
of benchmark datasets for combinatorial problems and, incidentally, standard
formats for such problems.

A good collection of datasets must consist of a mix of real and generated
(artificial) instances. The former are of course the “gold standard,” but the
latter help the algorithm engineer in assessing the weak points of the imple-
mentation with a view to improving it. In order to provide a real test of the
implementation, it is essential that the test suite include sufficiently large
instances. This is particularly important in parallel computing, since parallel
machines often have very large memories and are almost always aimed at the
solution of large problems; indeed, so as to demonstrate the efficiency of the
implementation for a large number of processors, one sometimes has to use
instances of a size that exceeds the memory size of a uniprocessor. On the
other hand, abstract asymptotic demonstrations are not useful: there is no
reason to run artificially large instances that clearly exceed what might arise
in practice over the next several years. (Asymptotic analysis can give us fairly
accurate predictions for very large instances.) Hybrid problems, derived from
real datasets through carefully designed random permutations, can make up
for the dearth of real instances (a common drawback in many areas, where
commercial companies will not divulge the data they have painstakingly gath-
ered).

Scaling the datasets is more complex in parallel computing than in serial
computing, since the running time also depends on the number of processors.
A common approach is to scale up instances linearly with the number of
processors; a more elegant and instructive approach is to scale the instances
so as to keep the efficiency constant, with a view to obtain isoefficiency curves.

A vexing question in experimental algorithmics is the use of worst-case
instances. While the design of such instances may attract the theoretician
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(many are highly nontrivial and often elegant constructs), their usefulness
in characterizing the practical behavior of an implementation is dubious.
Nevertheless, they do have a place in the arsenal of test sets, as they can
test the robustness of the implementation or the entire system—for instance,
an MPI implementation can succumb to network congestion if the number
of messages grows too rapidly, a behavior that can often be triggered by a
suitably crafted instance.

1.6 Presenting Results

Presenting experimental results for high-performance algorithm engineering
should follow the principles used in presenting results for sequential comput-
ing. But there are additional difficulties. One gets an additional parameter
with the number of processors used and parallel execution times are more
platform dependent. McGeoch and Moret discuss the presentation of experi-
mental results in the article “How to Present a Paper on Experimental Work
with Algorithms” [1.50]. The key entries include

— describe and motivate the specifics of the experiments

— mention enough details of the experiments (but do not mention too many
details)

— draw conclusions and support them (but make sure that the support is
real)

— use graphs, not tables—a graph is worth a thousand table entries

— use suitably normalized scatter plots to show trends (and how well those
trends are followed)

— explain what the reader is supposed to see

This advice applies unchanged to the presentation of high-performance ex-
perimental results. A summary of more detailed rules for preparing graphs
and tables can also be found in this volume.

Since the main question in parallel computing is one of scaling (with the
size of the problem or with the size of the machine), a good presentation needs
to use suitable preprocessing of the data to demonstrate the key characteris-
tics of scaling in the problem at hand. Thus, while it is always advisable to
give some absolute running times, the more useful measure will be speedup
and, better, efficiency. As discussed under testing, providing an ad hoc scal-
ing of the instance size may reveal new properties: scaling the instance with
the number of processors is a simple approach, while scaling the instance
to maintain constant efficiency (which is best done after the fact through
sampling of the data space) is a more subtle approach.

If the application scales very well, efficiency is clearly preferable to
speedup, as it will magnify any deviation from the ideal linear speedup: one
can use a logarithmic scale on the horizontal scale without affecting the leg-
ibility of the graph—the ideal curve remains a horizontal at ordinate 1.0,
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whereas log-log plots tend to make everything appear linear and thus will
obscure any deviation. Similarly, an application that scales well will give
very monotonous results for very large input instances—the asymptotic be-
havior was reached early and there is no need to demonstrate it over most
of the graph; what does remain of interest is how well the application scales
with larger numbers of processors, hence the interest in efficiency. The focus
should be on characterizing efficiency and pinpointing any remaining areas
of possible improvement.

If the application scales only fairly, a scatter plot of speedup values as
a function of the sequential execution time can be very revealing, as poor
speedup is often data-dependent. Reaching asymptotic behavior may be dif-
ficult in such a case, so this is the right time to run larger and larger in-
stances; in contrast, isoefficiency curves are not very useful, as very little
data is available to define curves at high efficiency levels. The focus should
be on understanding the reasons why certain datasets yield poor speedup
and others good speedup, with the goal of designing a better algorithm or
implementation based on these findings.

1.7 Machine-Independent Measurements?

In algorithm engineering, the aim is to present repeatable results through ex-
periments that apply to a broader class of computers than the specific make
of computer system used during the experiment. For sequential computing,
empirical results are often fairly machine-independent. While machine char-
acteristics such as word size, cache and main memory sizes, and processor and
bus speeds differ, comparisons across different uniprocessor machines show
the same trends. In particular, the number of memory accesses and processor
operations remains fairly constant (or within a small constant factor).

In high-performance algorithm engineering with parallel computers, on
the other hand, this portability is usually absent: each machine and envi-
ronment is its own special case. One obvious reason is major differences in
hardware that affect the balance of communication and computation costs—
a true shared-memory machine exhibits very different behavior from that of
a cluster based on commodity networks.

Another reason is that the communication libraries and parallel program-
ming environments (e.g., MPI [1.51], OpenMP [1.61], and High-Performance
Fortran [1.42]), as well as the parallel algorithm packages (e.g., fast Fourier
transforms using FFTW [1.30] or parallelized linear algebra routines in
ScaLAPACK [1.24]), often exhibit differing performance on different types
of parallel platforms. When multiple library packages exist for the same task,
a user may observe different running times for each library version even on
the same platform. Thus a running-time analysis should clearly separate the
time spent in the user code from that spent in various library calls. Indeed,
if particular library calls contribute significantly to the running time, the
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number of such calls and running time for each call should be recorded and
used in the analysis, thereby helping library developers focus on the most
cost-effective improvements. For example, in a simple message-passing pro-
gram, one can characterize the work done by keeping track of sequential
work, communication volume, and number of communications. A more gen-
eral program using the collective communication routines of MPI could also
count the number of calls to these routines. Several packages are available to
instrument MPI codes in order to capture such data (e.g., MPICH’s nupshot
[1.33], Pablo [1.66], and Vampir [1.58]). The SKaMPI benchmark [1.69] allows
running-time predictions based on such measurements even if the target ma-
chine is not available for program development. For example, one can check
the page of results? or ask a customer to run the benchmark on the target
platform. SKaMPI was designed for robustness, accuracy, portability, and ef-
ficiency. For example, SKaMPI adaptively controls how often measurements
are repeated, adaptively refines message-length and step-width at “interest-
ing” points, recovers from crashes, and automatically generates reports.

1.8 High-Performance Algorithm Engineering
for Shared-Memory Processors

Symmetric multiprocessor (SMP) architectures, in which several (typically 2
to 8) processors operate in a true (hardware-based) shared-memory environ-
ment and are packaged as a single machine, are becoming commonplace. Most
high-end workstations are available with dual processors and some with four
processors, while many of the new high-performance computers are clusters
of SMP nodes, with from 2 to 64 processors per node. The ability to pro-
vide uniform shared-memory access to a significant number of processors
in a single SMP node brings us much closer to the ideal parallel computer
envisioned over 20 years ago by theoreticians, the Parallel Random Access
Machine (PRAM) (see, e.g., [1.44, 1.67]) and thus might enable us at long
last to take advantage of 20 years of research in PRAM algorithms for various
irregular computations. Moreover, as more and more supercomputers use the
SMP cluster architecture, SMP computations will play a significant role in
supercomputing as well.

1.8.1 Algorithms for SMPs

While an SMP is a shared-memory architecture, it is by no means the PRAM
used in theoretical work. The number of processors remains quite low com-
pared to the polynomial number of processors assumed by the PRAM model.
This difference by itself would not pose a great problem: we can easily ini-
tiate far more processes or threads than we have processors. But we need

2 http://liinwww.ira.uka.de/skampi/cgi-bin/run_list.cgi.pl
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algorithms with efficiency close to one and parallelism needs to be sufficiently
coarse grained that thread scheduling overheads do not dominate the execu-
tion time. Another big difference is in synchronization and memory access:
an SMP cannot support concurrent read to the same location by a thousand
threads without significant slowdown and cannot support concurrent write
at all (not even in the arbitrary CRCW model) because the unsynchronized
writes could take place far too late to be used in the computation. In spite
of these problems, SMPs provide much faster access to their shared-memory
than an equivalent message-based architecture: even the largest SMP to date,
the 106-processor “Starcat” Sun Fire E15000, has a memory access time of
less than 300ns to its entire physical memory of 576 GB, whereas the latency
for access to the memory of another processor in a message-based architec-
ture is measured in tens of microseconds—in other words, message-based
architectures are 20-100 times slower than the largest SMPs in terms of their
worst-case memory access times.

The Sun SMPs (the older “Starfire” [1.23] and the newer “Starcat”) use
a combination of large (16 x 16) data crossbar switches, multiple snooping
buses, and sophisticated handling of local caches to achieve uniform memory
access across the entire physical memory. However, there remains a large
difference between the access time for an element in the local processor cache
(below 5ms in a Starcat) and that for an element that must be obtained
from memory (around 300ns)—and that difference increases as the number
of processors increases.

1.8.2 Leveraging PRAM Algorithms for SMPs

Since current SMP architectures differ significantly from the PRAM model,
we need a methodology for mapping PRAM algorithms onto SMPs. In order
to accomplish this mapping we face four main issues: (i) change of program-
ming environment; (ii) move from synchronous to asynchronous execution
mode; (iii) sharp reduction in the number of processors; and (iv) need for
cache awareness. We now describe how each of these issues can be handled;
using these approaches, we have obtained linear speedups for a collection
of nontrivial combinatorial algorithms, demonstrating nearly perfect scaling
with the problem size and with the number of processors (from 2 to 32) [1.6].

Programming Environment. A PRAM algorithm is described by pseu-
docode parameterized by the index of the processor. An SMP program must
add to this explicit synchronization steps—software barriers must replace
the implicit lockstep execution of PRAM programs. A friendly environment,
however, should also provide primitives for memory management for shared-
buffer allocation and release, as well as for contextualization (executing a
statement on only a subset of processors) and for scheduling n independent
work statements implicitly to p < n processors as evenly as possible.
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Synchronization. The mismatch between the lockstep execution of the
PRAM and the asynchronous nature of parallel architecture mandates the
use of software barriers. In the extreme, a barrier can be inserted after each
PRAM step to guarantee a lock-step synchronization—at a high level, this is
what the BSP model does. However, many of these barriers are not necessary:
concurrent read operations can proceed asynchronously, as can expression
evaluation on local variables. What needs to be synchronized is the writing
to memory—so that the next read from memory will be consistent among the
processors. Moreover, a concurrent write must be serialized (simulated); stan-
dard techniques have been developed for this purpose in the PRAM model
and the same can be applied to the shared-memory environment, with the
same log p slowdown.

Number of Processors. Since a PRAM algorithm may assume as many
as n°(M) processors for an input of size n—or an arbitrary number of pro-
cessors for each parallel step, we need to schedule the work on an SMP,
which will always fall short of that resource goal. We can use the lower-level
scheduling principle of the work-time framework [1.44] to schedule the W (n)
operations of the PRAM algorithm onto the fixed number p of processors of
the SMP. In this way, for each parallel step k, 1 < k < T'(n), the Wi(n)
operations are simulated in at most W(n)/p + 1 steps using p processors.
If the PRAM algorithm has T'(n) parallel steps, our new schedule has com-
plexity of O (W (n)/p + T'(n)) for any number p of processors. The work-time
framework leaves much freedom as to the details of the scheduling, freedom
that should be used by the programmer to maximize cache locality.

Cache-Awareness. SMP architectures typically have a deep memory hier-
archy with multiple on-chip and off-chip caches, resulting currently in two
orders of magnitude of difference between the best-case (pipelined preloaded
cache read) and worst-case (non-cached shared-memory read) memory read
times. A cache-aware algorithm must efficiently use both spatial and tem-
poral locality in algorithms to optimize memory access time. While research
into cache-aware sequential algorithms has seen early successes (see [1.54]
for a review), the design for multiple processor SMPs has barely begun.
In an SMP, the issues are magnified in that not only does the algorithm
need to provide the best spatial and temporal locality to each processor, but
the algorithm must also handle the system of processors and cache proto-
cols. While some performance issues such as false sharing and granularity are
well-known, no complete methodology exists for practical SMP algorithmic
design. Optimistic preliminary results have been reported (e.g., [1.59, 1.63])
using OpenMP on an SGI Origin2000, cache-coherent non-uniform memory
access (ccNUMA) architecture, that good performance can be achieved for
several benchmark codes from NAS and SPEC through automatic data dis-
tribution.



1. Algorithm Engineering for Parallel Computation 15

1.9 Conclusions

Parallel computing is slowly emerging from its niche of specialized, expensive
hardware and restricted applications to become part of everyday computing.
As we build support libraries for desktop parallel computing or for newer en-
vironments such as large-scale shared-memory computing, we need tools to
ensure that our library modules (or application programs built upon them)
are as efficient as possible. Producing efficient implementations is the goal of
algorithm engineering, which has demonstrated early successes in sequential
computing. In this article, we have reviewed the new challenges to algorithm
engineering posed by a parallel environment and indicated some of the ap-
proaches that may lead to solutions.
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1.A Examples of Algorithm Engineering

for

Parallel Computation

Within the scope of this paper, it would be difficult to provide meaningful
and self-contained examples for each of the various points we made. In lieu of
such target examples, we offer here several references® that exemplify the best
aspects of algorithm engineering studies for high-performance and parallel

3 We do not attempt to include all of the best work in the area: our selection is
perforce idiosyncratic.



1. Algorithm Engineering for Parallel Computation 21

computing. For each paper or collection of papers, we describe those aspects
of the work that led to its inclusion in this section.

1.

The authors’ prior publications [1.53, 1.6, 1.4, 1.46, 1.9, 1.71, 1.68,
1.37, 1.41, 1.73, 1.36, 1.5, 1.11, 1.8, 1.7, 1.10] contain many empirical
studies of parallel algorithms for combinatorial problems like sorting
[1.5, 1.35, 1.41, 1.73, 1.36], selection [1.4, 1.71, 1.8], and priority queues
[1.71], graph algorithms [1.53], backtrack search [1.70], and image pro-
cessing [1.46, 1.11, 1.7, 1.10].

. JAJa and Helman conducted empirical studies for prefix computations

[1.40], sorting [1.38] and list-ranking [1.39] on symmetric multiproces-
sors. The sorting paper [1.38] extends Vitter’s external Parallel Disk
Model [1.1, 1.78, 1.79] to the internal memory hierarchy of SMPs and
uses this new computational model to analyze a general-purpose sample
sort that operates efficiently in shared-memory. The performance evalua-
tion uses 9 well-defined benchmarks. The benchmarks include input dis-
tributions commonly used for sorting benchmarks (such as keys selected
uniformly and at random), but also benchmarks designed to challenge the
implementation through load imbalance and memory contention and to
circumvent algorithmic design choices based on specific input properties
(such as data distribution, presence of duplicate keys, pre-sorted inputs,
etc.).

In [1.20, 1.21] Blelloch et al. compare through analysis and implementa-
tion three sorting algorithms on the Thinking Machines CM-2. Despite
the use of an outdated (and no longer available) platform, this paper is a
gem and should be required reading for every parallel algorithm designer.
In one of the first studies of its kind, the authors estimate running times
of four of the machine’s primitives, then analyze the steps of the three
sorting algorithms in terms of these parameters. The experimental stud-
ies of the performance are normalized to provide clear comparison of how
the algorithms scale with input size on a 32K-processor CM-2.

. Vitter et al. provide the canonical theoretic foundation for I/O-intensive

experimental algorithmics using external parallel disks (e.g., see [1.1, 1.78,
1.79, 1.14]). Examples from sorting, FFT, permuting, and matrix trans-
position problems are used to demonstrate the parallel disk model. For
instance, using this model in [1.14], empirical results are given for external
sorting on a fixed number of disks with from 1 to 10 million items, and two
algorithms are compared with overall time, number of merge passes, I/O
streaming rates, using computers with different internal memory sizes.

Hambrusch and Khokhar present a model (C3) for parallel computa-
tion that, for a given algorithm and target architecture, provides the
complexity of computation, communication patterns, and potential com-
munication congestion [1.34]. This paper is one of the first efforts to
model collective communication both theoretically and through experi-
ments, and then validate the model with coarse-grained computational
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applications on an Intel supercomputer. Collective operations are thor-
oughly characterized by message size and higher-level patterns are then
analyzed for communication and computation complexities in terms of
these primitives.

While not itself an experimental paper, Meyer auf der Heide and Wanka
demonstrate in [1.52] the impact of features of parallel computation
models on the design of efficient parallel algorithms. The authors begin
with an optimal multisearch algorithm for the Bulk Synchronous Parallel
(BSP) model that is no longer optimal in realistic extensions of BSP that
take critical blocksize into account such as BSP* (e.g., [1.17, 1.16, 1.15]).
When blocksize is taken into account, the modified algorithm is optimal in
BSP*. The authors present a similar example with a broadcast algorithm
using a BSP model extension that measures locality of communication,
called D-BSP [1.28].

Juurlink and Wijshoff [1.81, 1.45] perform one of the first detailed ex-
perimental accounts on the preciseness of several parallel computation
models on five parallel platforms. The authors discuss the predictive ca-
pabilities of the models, compare the models to find out which allows
for the design of the most efficient parallel algorithms, and experimen-
tally compare the performance of algorithms designed with the model
versus those designed with machine-specific characteristics in mind. The
authors derive model parameters for each platform, analyses for a variety
of algorithms (matrix multiplication, bitonic sort, sample sort, all-pairs
shortest path), and detailed performance comparisons.

. The LogP model of Culler et al. [1.26] (and its extensions such as logGP

[1.2] for long messages) provides a realistic model for designing parallel
algorithms for message-passing platforms. Its use is demonstrated for a
number of problems, including sorting [1.25]. Four parallel sorting algo-
rithms are analyzed for LogP and their performance on parallel platforms
with from 32 to 512 processors is predicted by LogP using parameter
values for the machine. The authors analyze both regular and irregular
communication and provide normalized predicted and measured running
times for the steps of each algorithm.

Yun and Zhang [1.82] describe an extensive performance evaluation of
lock bypassing for concurrent access to priority heaps. The empirical
study compares three algorithms by reporting the average number of
locks waited for in heaps of 255 and 512 nodes. The average hold oper-
ation times are given for the three algorithms for uniform, exponential,
and geometric, distributions, with inter-hold operation delays of 0, 160,
and 640us.

Several research groups have performed extensive algorithm engineering
for high-performance numerical computing. One of the most prominent
efforts is that led by Dongarra for ScaLAPACK [1.24, 1.19], a scalable
linear algebra library for parallel computers. ScaLAPACK encapsulates
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much of the high-performance algorithm engineering with significant im-
pact to its users who require efficient parallel versions of matrix-matrix
linear algebra routines. In [1.24], for instance, experimental results are
given for parallel LU factorization plotted in performance achieved (gi-
gaflops per second) for various matrix sizes, with a different series for each
machine configuration. Because ScalLAPACK relies on fast sequential lin-
ear algebra routines (e.g., LAPACK [1.3]), new approaches for automat-
ically tuning the sequential library (e.g., LAPACK) are now available as
the ATLAS package [1.80].
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Summary.

The process of implementing, debugging, testing, engineering and ex-
perimentally analyzing algorithmic codes is a complex and delicate task,
fraught with many difficulties and pitfalls. In this context, traditional low-
level textual debuggers or industrial-strength development environments
can be of little help for algorithm engineers, who are mainly interested
in high-level algorithmic ideas and not particularly in the language and
platform-dependent details of actual implementations. Algorithm visual-
ization environments provide tools for abstracting irrelevant program de-
tails and for conveying into still or animated images the high-level algo-
rithmic behavior of a piece of software.

In this paper we address the role of visualization in algorithm engi-
neering. We survey the main approaches and existing tools and we discuss
difficulties and relevant examples where visualization systems have helped
developers gain insight about algorithms, test implementation weaknesses,
and tune suitable heuristics for improving the practical performances of
algorithmic codes.

2.1 Introduction

There has been an increasing attention in our community toward the experi-
mental evaluation of algorithms. Indeed, several tools whose target is to offer
a general-purpose workbench for the experimental validation and fine-tuning
of algorithms and data structures have been produced: software repositories

* This work has been partially supported by the IST Programme of the EU under
contract n. IST-1999-14.186 (ALCOM-FT), by CNR, the Italian National Re-
search Council under contract n. 00.00346.CT26, and by DFG-Grant Na 303/1-2,
Forschungsschwerpunkt “Effiziente Algorithmen fiir diskreteProbleme und ihre
Anwendungen”.
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© Springer-Verlag Berlin Heidelberg 2002
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and libraries, collections and generators of test sets, software systems for sup-
porting implementation and analysis are relevant examples of this effort. In
particular, in the last years there has been increasing attention toward the
design and implementation of interactive environments for developing and ex-
perimenting with algorithms, such as editors for test sets and development,
debugging, and visualization tools.

In this paper we address the role of algorithm visualization tools in algo-
rithm engineering. According to a standard definition [2.44], algorithm anima-
tion is a form of high-level dynamic software visualization that uses graphics
and animation techniques for portraying and monitoring the computational
steps of algorithms. Systems for algorithm animation have matured signifi-
cantly since, in the last decade, high-quality user interfaces have become a
standard in a large number of areas.

Nevertheless, the birth of algorithm visualization can be dated back to the
60’s, when Licklider did early experiments on the use of graphics for monitor-
ing the evolution of the content of a computer memory. Knowlton was the first
to address the visualization of dynamically changing data structures in his
films demonstrating the Bell Lab’s low-level list processing language [2.29].
During the 70’s, the potential of program animation in a pedagogical setting
was pointed out by several authors, and this research ended up with the re-
alization in 1981 of the videotape Sorting Out Sorting [2.3], which represents
a milestone in the history of algorithm animation and has been successfully
used to teach sorting methods to computer science students for more than
15 years. Sorting Out Sorting is a 30-minute color film that explains nine
internal sorting algorithms, illustrating both their substance and their dif-
ferences in efficiency. Different graphical representations are provided for the
data being sorted, and showing the programs while running on their input
makes it clear at any step how such data are partially reorganized by the
different algorithms. A new era began with the 80’s, when bit-mapped dis-
plays became available on workstations: researchers attempted to go beyond
films and started developing interactive software visualization systems and
exploring their utility not only for education, but also for software engineer-
ing and program debugging. Dozens of algorithm animation systems have
been developed since then.

Thanks to the capability of conveying a large amount of information in
a compact form and to the ability of human beings at processing visual in-
formation, algorithm animation systems are useful tools also in algorithm
engineering, in particular in several phases during the process of design, im-
plementation, analysis, tuning, experimental evaluation, and presentation of
algorithms. Actually, visual debugging techniques can help highlight hidden
programming or conceptual errors, i.e., discover both errors due to a wrong
implementation of an algorithm and, at a higher level of abstraction, errors
possibly due to an incorrect design of the algorithm itself. Sometimes, algo-
rithm animation tools can help in designing heuristics and local improvements
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in the code difficult to figure out theoretically, to test the correctness of al-
gorithms on specific test sets, to discover degeneracies, i.e., special cases for
which the algorithm may not produce a correct output. Their use can leverage
the task of monitoring complex systems or complex programs (e.g., concur-
rent programs), and makes it possible also to analyze problem instances not
limited in size and complexity, which even long and boring handiwork would
not be able to deal with. Not last, visualization could be an attractive medium
for algorithms researchers who want to share and disseminate their ideas.

In spite of the great research devoted in recent years to designing and
developing algorithm visualization facilities, the diffusion of the use of such
systems for algorithm engineering is still limited. We believe this is mostly due
to the lack of fast prototyping mechanisms, i.e., to the fact that realizing an
animation often requires heavy modifications of the source code at hand and
therefore a great effort. Instead, the power of an algorithm animation system
should be in the hands of the end-users, possibly unexperienced, rather than
of professional programmers or of the developers of the visualization tool.
In addition, it is very important for a software visualization tool to be able
to animate not just “toy programs”, but significantly complex algorithmic
codes, and to test their behavior on large data sets. Unfortunately, even
those systems well suited for large information spaces often lack advanced
navigation techniques and methods to alleviate the screen bottleneck, such
as changes of resolution and scale, selectivity, and elision of information.
Finding a solution to this kind of limitations is nowadays a challenge for
algorithm visualization systems.

In this paper we survey the main approaches and existing tools for the
realization of animations of algorithms. In particular, Section 2.2 is concerned
with the description of software visualization systems and libraries support-
ing visualization capabilities. Section 2.3 describes two main approaches used
by visualization tools: interesting events and state mapping. In Section 2.4 we
discuss difficulties and present relevant examples where visualization systems
helped developers gain insight about algorithms, test implementation weak-
nesses, and tune suitable heuristics for improving the practical performances
of algorithmic codes. Conclusions and challenges for algorithm visualization
research are finally listed in Section 2.5.

2.2 Tools for Algorithm Visualization

In this section we survey some algorithm visualization systems, discussing
their main features and the different approaches introduced by each of them.
We do not aim at being exhaustive, but rather we try to highlight the aspects
of these systems interesting from an algorithm engineering point of view.
We also describe some tools that will be used in Section 2.4 for illustrating
how to prepare algorithm animations for debugging or demonstrations. We
attempt to present visualization systems by their focus and innovation. For
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a more comprehensive description of software visualization systems we refer
the interested reader to [2.44] and to the references therein.

Balsa [2.8], followed a few years later by Balsa-II [2.9], was the first sys-
tem able to animate general-purpose algorithms and pioneered the interesting
events approach, later used by many other tools. In order to realize an an-
imation, the points of the source code that are strategically important are
annotated with procedure calls that generate visualization events. At run
time, events are collected by an event manager that forwards them to the
views so as to update the displayed images. Balsa-II supports a good level
of interactivity, allowing execution control by means of step-points and stop-
points. In order to provide a measure of an algorithm’s performance, it also
supports a way to associate different costs to different events and to count the
number of times each interesting event occurs, which may be interesting for
profiling algorithmic codes. Zeus [2.11] is an evolution of Balsa-II and adds
to the interesting events approach some object-oriented features: each view
is created by deriving a standard base View class and can be provided with
additional methods to handle each interesting event. Zeus also extensively
uses color and sound [2.12] and deals with three-dimensional objects [2.13],
thus making it possible to realize highly-customizable visualizations.

TANGO [2.42] (Transition-based ANimation GeneratiOn) introduced the
path-transition paradigm [2.41] for creating smooth continuous animations.
This paradigm relies on the use of four abstract data types (location, im-
age, path, and transition) and animations are realized by handling instances
of these data types by means of suitable operations defined on them. X-
TANGO [2.43] is the X-Windows based follow-up of TANGO. Polka [2.45]
introduces the support for the animation of concurrent programs: the pro-
grammer can assemble and present the whole animation using an explicit
global clock counter as a timing system. It also includes a graphical front-
end, called Samba, that is driven by a script produced as a trace of the
execution.

Debugging concurrent programs is more complicated than understanding
the behavior of sequential codes: not only concurrent computations may pro-
duce vast quantities of data, but also the presence of multiple threads that
communicate, compete for resources, and periodically synchronize may result
in unexpected interactions and non-deterministic executions. Many tools have
been realized to cope with these issues. The Gthreads library [2.50] builds
and displays a program graph as threads are forked and functions are called:
the vertices represent program entities and events and the arcs temporal or-
derings between them. The Hence system [2.6] offers animated views of the
program graph obtained from execution of PVM programs. Message passing
views are supported by the Conch system [2.49]: processes appear around
the outside of a ring and messages move from the sending process to the
receiving one by traversing the center of the ring. This is useful to detect
undelivered messages, as they remain in the center of the ring. Kiviat graphs
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for monitoring the CPU utilization of each processor are also supported by
other systems such as ParaGraph [2.25] and Tapestry [2.33].

One of the few examples of attempts to provide automatic visualization of
simple data structures is UWPI [2.26] (University of Washington Program II-
lustrator). The visualization is automatically performed by the system thanks
to an “inferencer” that analyzes the data structures in the source code, both
at compile-time and at run-time, and suggests a number of possible displays
for each of them. Clearly, due to the lack of a deep knowledge of the logic of
the program, only the visualization of simple data structures, such as stacks
or queues, can be supported.

Pavane [2.38, 2.40] marks the first paradigm shift in algorithm visual-
ization since the introduction of interesting events. It features a declarative
approach to the visualization of concurrent programs. It conceives the visu-
alization as a mapping between the state of the computation and the image
space: the transformation between a fixed set of program variables and the
final image is declared by using suitable rules. This seems very important
for developing visual debugging tools for languages such as Prolog and Lisp.
Furthemore, the non-invasiveness of the declarative approach seems very im-
portant also in a concurrent framework, since the execution may be non-
deterministic and an invasive visualization code may change the outcome of
a computation.

TPM [2.21] (Transparent Prolog Machine) is a debugging tool for the
post-mortem visualization of computer programs written in the Prolog pro-
gramming language. In order to deal with the inherent complexity of Prolog
programs, TPM features two distinct views: a fine-grained view to repre-
sent the program’s locality and a coarse-grained view to show the full exe-
cution space via animated AND-OR trees. The overall trace structure also
captures the concept of backtracking to find alternative solutions to goals.
ZStep95 [2.32] is a reversible and animated source code stepper for LISP pro-
grams that provides a powerful mechanism for error localization. It maintains
a complete history of the execution and is equipped with a fully reversible
control structure: the user allows the program to run until an error is found
and then can go back to discover the exact point in which something went
wrong. Moreover, a simple and strict connection between the execution and
its graphical output is obtained by elementary clicking actions.

Leonardo [2.17] is an integrated environment for developing, animating,
and executing general-purpose C programs. Animations are realized accord-
ing to a declarative approach, i.e., by embedding in the source code dec-
larations that provide high-level graphical interpretations of the program’s
variables. As the system automatically reflects the modifications of the pro-
gram state into the displayed images, a high level of automation is reached.
Animations can be fully customized by means of a graphical vocabulary in-
cluding basic geometric shapes as well as primitives for visualizing graphs and
trees. Smoothly changing images are also supported by the system to help
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the viewer maintain context [2.19]. In addition, code written with Leonardo
is completely reversible: when running code backwards, variable assignments
are undone, output sent to the console disappears, graphics drawn are un-
drawn, and so on. The reversibility is extended to the full set of standard
ANSI functions. This feature, combined with the declarative approach, makes
the system well suited for visual debugging purposes. Differently from many
other visualization systems, Leonardo has been widely distributed over the
Internet and includes several animations of algorithms and data structures.

Computational geometry is an area where the visualization and anima-
tion of programs is a very important tool for the understanding, presentation,
and debugging of algorithms, and the animation of geometric algorithms is
mentioned among the strategic research directions in computational geom-
etry [2.47]. It is thus not surprising that increasing attention has been de-
voted to algorithm visualization tools for computational geometry (see, e.g.,
(2.2, 2.4, 2.20, 2.27, 2.46]). In this paper we particularly focus our attention
on GeoWin, a C++ data type that can be easily interfaced with algorith-
mic software libraries of great importance in algorithm engineering such as
CGAL [2.22] and LEDA [2.34]. The design and implementation of GeoWin
was influenced by LEDA’s graph editor GraphWin (see [2.34], Chapter 12).
Both data types support a number of programming styles that have proven
to be useful in demonstration and animation programs. Examples are the
use of result scenes and the event handling approach, which will be discussed
in Section 2.4.3. An instance gw of the data type GeoWin is an editor that
maintains a collection of so-called scenes. Each scene in this collection has
an associated container of geometric objects whose members are displayed
according to a set of visual attributes (color, line width, line style, etc.). One
of the scenes in the collection can be active. It receives the input of all editing
operations and can be manipulated through the interactive interface. Both
the container type and the object type have to provide a certain function-
ality. The container type must implement the STL list interface [2.35], in
particular, it has to provide STL-style iterators, and for all geometric objects
a small number of functions and operators (for stream input and output,
basic transformations, drawing and mouse input in a LEDA window) have to
be defined. Any combination of container and object type that fulfill these
requirements for containers and objects, respectively, can be associated with
a GeoWin scene in a gw.new_scene() operation. More recent work on geo-
metric visualization include VEGA [2.27] and WAVE [2.20].

VEGA (Visualization Environment for Geometric Algorithms) is a client-
server visualization environment for geometric algorithms. It guarantees a
low usage of communication bandwidth resources, thus achieving good per-
formance even in slow networks. The end-user can interactively draw, load,
save, and modify graphical scenes, can animate algorithms on-line or show
saved runs off-line, and can customize the visualization by specifying a suit-
able set of view attributes. WAVE (Web Algorithm Visualization Engine) uses
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a publication-driven approach to algorithm visualization over the Web and
is especially well-suited for geometric algorithms. Algorithms run on a devel-
oper’s remote server and their data structures are published on blackboards
held by the clients. Animations are realized by writing suitable visualization
handlers and by attaching them to the public data structures.

More recent trends in algorithm animation include distributed systems
over the Web. JEliot [2.24, 2.31] is an automatic system for the animation
of simple Java programs. After the Java code has been parsed, the user can
choose the cast of variables to be visualized on the scene according to built-in
graphical interpretations. The user needs to write no additional code: in other
words, animation is embedded in the implementation of data type operations.
The graphical presentation is based on a “theater metaphor” where the script
is the algorithm, the stages are the views, the actors are the program’s data
structures depicted as graphical objects, and the director is the user.

CATALI [2.14] (Concurrent Algorithms and data Types Animation over the
Internet) tries to minimize the burden of the task of animating algorithms.
The main philosophy behind this system is that any algorithm implemented
in an object-oriented programming language (such as C++) should be easily
animated. This should make this system easy to use, and is based on the idea
that an average programmer or an algorithm developer should not invest too
much time in getting an animation of the algorithm up and running. This is
not always the case, and often animating an algorithm can be as difficult and
as time consuming as implementing the algorithm itself from scratch. CATAI
has an advantage over systems where the task of animating an algorithm can
be quite complex. Producing animations almost automatically, however, can
limit flexibility in creating custom graphic displays. If the user is willing to
invest more time on the development of an animation, he or she can produce
more sophisticated graphics capabilities, while still exploiting the features
offered by the system.

JDSL [2.5] (Java Data Structures Library) is a library of data structures
written in the Java programming language that supports the visualization
of the fundamental operations on abstract data types; it is well suited for
educational purposes, as students obtain a predefined visualization of their
own implementation by simply implementing JDSL Java interfaces with pre-
defined signatures.

2.3 Interesting Events versus State Mapping

In this section we focus on the main features of animation systems that are
appealing for their deployment in algorithm engineering. From the viewpoint
of the algorithmic developer, it would be highly desirable to rely on systems
that offer visualizations at a very high level of abstraction. Namely, one would
be more interested in visualizing the behavior of a complex data structure,
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such as a graph, than in obtaining a particular value of a given pointer. Fur-
thermore, algorithm designers could be very interested in visualizations that
are reusable and that can be created with little effort from the algorithmic
source code at hand: this could be of substantial help in speeding up the time
required to produce a running animation.

Achieving simultaneously high level of abstraction and fast prototyping
makes the task of developing algorithm animation systems highly nontrivial.
Indeed, it is possible to visualize automatically static or even running code,
but at a very low level of abstraction, i.e., when the entities to be displayed
and the way they change can be directly deduced from the code and the
program state. For instance, the program counter tells us the next instruc-
tion, from which the line of the code to be executed can be easily recovered
and highlighted in a suitable view. Also, primitive and composite data types
can be mapped into canonical representations, thus displaying for free the
data and the data flow. Conventional debuggers rely on this assumption but
they lack capability of abstraction: they are unable to convey information
about the algorithm’s fundamental operations and to produce high-level syn-
thesized views of data and of their manipulations. For example, if a graph is
represented by means of an adjacency matrix, a debugger can automatically
display only the matrix, but not the graph according to its usual representa-
tion with vertices and edges. Toward this aim, some extra knowledge, such as
the interpretation of matrix entries, should be provided to the visualization
system.

The considerations above are at the base of the distinction between pro-
gram and algorithm visualization. In particular, an algorithm visualization
system should be able to illustrate salient features of the algorithm, which
appears to be difficult, if not impossible, with a completely automatic mech-
anism. The opposition automation versus high-level and customization possi-
bilities makes it necessary to define a method for specifying the visualization,
i.e., a suitable mechanism for binding pictures to code. In the remainder
of this section, we discuss the two major solutions proposed in the litera-
ture: interesting events and state mapping. For a comprehensive discussion
of other techniques used in algorithm visualization we refer the interested
reader to [2.10, 2.36, 2.37, 2.39, 2.44].

Interesting Events. A natural approach to algorithm animation consists
of annotating the algorithmic code with calls to visualization routines. The
first step consists of identifying the relevant actions performed by the algo-
rithm that are interesting for visualization purposes. Such relevant actions
are usually referred to as Interesting Events. As an example, in a sorting
algorithm the swap of two items can be considered an interesting event. The
second step consists of associating each interesting event with a modification
of a graphical scene. In our example, if we depict the values to be sorted as
a sequence of sticks of different heights, the animation of a swap event might
be realized by exchanging the positions of the two sticks corresponding to



32 Camil Demetrescu et al.

the values being swapped. Animation scenes can be specified by setting up
suitable visualization procedures that drive the graphic system according to
the actual parameters generated by the particular event. Alternatively, these
visualization procedures may simply log the events in a file for a post-mortem
visualization. The calls to the visualization routines are usually obtained by
annotating the original algorithmic code at the points where the interesting
events take place. This can be done either by hand or by means of specialized
editors.

In addition to being simple to implement, the main benefit of the event-
driven approach is that interesting events are not necessarily low-level opera-
tions (such as comparisons or memory assignments), but can be more abstract
and complex operations designed by the programmer and strictly related to
the algorithm being visualized (e.g., the swap in the previous example, as well
as a rotate operation in the management of an AVL tree). Major drawbacks
include the following: realizing an animation may require the programmer to
write several lines of additional code; the event-driven approach is invasive
(even if the code is not transformed, it is augmented); the person who is in
charge of realizing the animation has to know the source code quite well in
order to identify all the interesting points.

State Mapping. Algorithm visualization systems based on state mapping
rely on the assumption that observing how the variables change provides clues
to the actions performed by the algorithm. The focus is on capturing and
monitoring the data modifications rather than on processing the interesting
events issued by the annotated algorithmic code. For this reason they are also
referred to as “data driven” visualization systems. Conventional debuggers
can be viewed as data driven systems, since they provide direct feedback of
variable modifications.

Specifying an animation in a data driven system consists of providing a
graphical interpretation of the interesting data structures of the algorithmic
code. It is up to the system to ensure that the graphical interpretation at all
times reflects the state of the computation of the program being animated.
In the case of conventional debuggers, the interpretation is fixed and can-
not be changed by the user: usually, a direct representation of the content
of variables is provided. The debugger just updates the display after each
change, sometimes highlighting the latest variable that has been modified by
the program to help the user maintain context. In a more general scenario, an
adjacency matrix used by the code may be visualized as a graph with vertices
and edges, an array of numbers as a sequence of sticks of different heights,
and a heap vector as a balanced tree. As the focus is only on data structures,
the same graphical interpretation, and thus the same visualization code, may
be reused for any algorithm that uses the same data structure. For instance,
any sorting algorithm that manages to reorganize a given array of numbers
may be animated with the same visualization code that displays the array as
a sequence of sticks.
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The main advantage of this approach over the event driven technique
is that a much greater ignorance of the code is allowed: indeed, only the
interpretation of the variables has to be known to animate a program. In
Section 2.4.2 we will describe how we realized the animation of an algorithm
in the system Leonardo with very little knowledge of the code to be visualized.
On the other hand, focusing only on data modification may sometimes limit
customization possibilities making it difficult to realize animations that would
be natural to express with interesting events.

We believe that a combination of the two approaches described in this
section would be most effective in algorithm animation as the two approaches
capture different aspects of the problem. In our own experience, each of the
two approaches has cases in which it is much preferable to the other. In
some cases, we even found it useful to use both approaches simultaneously
for realizing the same animation.

2.4 Visualization in Algorithm Engineering

In this section we present relevant examples where visualization systems have
helped developers gain insight about algorithms, test implementation weak-
nesses, and tune suitable heuristics for improving the practical performances
of algorithmic codes. In particular, we will consider examples where visual-
ization can provide some insight into the design of algorithms at the level
of profiling and experimental evaluation (Section 2.4.1) and where anima-
tion has greatly simplified the task of debugging complex algorithmic code
(Section 2.4.2). One of the most important aspects of algorithm engineering
is the development of libraries. It is thus quite natural to try to interface
visualization tools to algorithmic software libraries. Two examples of such an
effort are considered in Sections 2.4.3 and 2.4.4. In particular, we will show
how demonstrations of geometric algorithms can be easily realized and inter-
faced with libraries (Section 2.4.3), and how fast animation prototyping can
be achieved by reusing existing visualization code (Section 2.4.4).

2.4.1 Animation Systems and Heuristics: Max Flow

The maximum flow problem, first introduced by Berge and Ghouila-Houri
in [2.7], is a fundamental problem in combinatorial optimization that arises
in many practical applications. Examples of the maximum flow problem in-
clude determining the maximum steady-state flow of petroleum products in
a pipeline network, cars in a road network, messages in a telecommunication
network, and electricity in an electrical network. Given a capacitated net-
work G = (V, E,c) where V is the set of nodes, F is the set of edges and
Cyy s the capacity of edge (z,y) € E, the maximum flow problem consists
of computing the maximum amount of flow that can be sent from a given
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source node s to a given sink node ¢ without exceeding the edge capacities.
A flow assignment is a function f on edges such that f,, < cay, ie., edge
capacities are not exceeded, and for each node v (except the source s and
the sink t), Z(u,v)eE Sfuw = Z(v’w)eE fow, i.e., the assigned incoming flows
and the outgoing flows are equal. Usually, one needs to compute not only the
maximum amount of flow that can be sent from the source to the sink in a
given network, but also a flow assignment that achieves that amount.

Several methods for computing a maximum flow have been proposed in
the literature. In particular, we mention the network simplex method pro-
posed by Dantzig [2.18], the augmenting path method of Ford and Fulkerson,
the blocking flow of Dinitz, and the push-relabel technique of Goldberg and
Tarjan [2.1].

The push-relabel method, which made it possible to design the fastest
algorithms for the maximum flow problem, sends flows locally on individual
edges (push operation), possibly creating flow excesses at nodes, i.e., a pre-
flow. A preflow is just a relaxed flow assignment such that for some nodes,
called active nodes, the incoming flow may exceed the outgoing flow. The
push-relabel algorithms work by progressively transforming the preflow into
a maximum flow by dissipating excesses of flow held by active nodes that
either reach the sink or return back to the source. This is done by repeatedly
selecting a current active node according to some selection strategy, pushing
as much excess flow as possible towards adjacent nodes that have a lower
estimated distance from the sink paying attention not to exceed the edge
capacities, and then, if the current node is still active, updating its estimated
distance from the sink (relabel operation). Whenever an active node cannot
reach the sink anymore as no path to the sink remains with some residual
unused capacity, its distance progressively increases due to relabel operations
until it gets greater than m: when this happens, it starts sending flow back
towards the source, whose estimated distance is initially forced to n. This
elegant solution makes it possible to deal with both sending flows to the sink
and draining undeliverable excesses back to the source through exactly the
same push/relabel operations. However, as we will see later, if taken “as is”
this solution is not so good in practice.

Two aspects of the push-relabel technique seem to be relevant with respect
to the running time: (1) the selection strategy of the current active node, and
(2) the way estimated distances from the sink are updated by the algorithm.

The selection strategy of the current active node has been proved to sig-
nificantly affect the asymptotic worst-case running time of push-relabel al-
gorithms [2.1]: as a matter of fact, if active nodes are stored in a queue,
the algorithm, usually referred to as the FIFO preflow-push algorithm, takes
O(n?) in the worst case; if active nodes are kept in a priority queue where
each extracted node has the maximum estimated distance from the sink, the
worst-case running time decreases to O(y/mn?), which is much better for
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sparse graphs. The last algorithm is known as the highest-level preflow-push
algorithm.

Unfortunately, regardless of the selection strategy, the push-relabel
method in practice yields very slow codes if taken literally. Indeed, the way
estimated distances from the sink are maintained has been proved to affect
dramatically the practical performance of the push-relabel algorithms. For
this reason, several additional heuristics for the problem have been proposed.
Though these heuristics are irrelevant from an asymptotic point of view, the
experimental study presented in [2.16] proves that two of them, i.e., the global
relabeling and the gap heuristics, could be extremely useful in practice.

Global Relabeling Heuristic. Each relabel operation increases the esti-
mated distance of the current active node from the sink to be equal to the
lowest estimated distance of any adjacent node, plus one. This is done by
considering only adjacent nodes joined by edges with some non-zero residual
capacity, i.e., edges that can still carry some additional flows. As relabel op-
erations are indeed local operations, the estimated distances from the sink
may progressively deviate from the exact distances by losing the “big pic-
ture” of the distances: for this reason, flow excesses might not be correctly
pushed right ahead towards the sink, and may follow longer paths slowing
down the computation. The global relabeling heuristic consists of recomput-
ing, say every n push/relabel operations, the exact distances from the sink,
and the asymptotic cost of doing so can be amortized against the previous
operations. This heuristic drastically improves the practical running time of
algorithms based on the push-relabel method [2.16].

Gap Heuristic. Cherkassky [2.15] has observed that, at any time during
the execution of the algorithm, if there are nodes with estimated distances
from the sink that are strictly greater than some distance d and no other
node has estimated distance d, then a gap in the distances has been formed
and all active nodes above the gap will eventually send their flow excesses
back to the source as they no longer can reach the sink. This can be achieved
by repeatedly increasing the estimated distances via relabel operations. The
process stops when distances get greater than n. The problem is that a huge
number of such relabeling operations may be required. To avoid this, it is
possible to keep track of gaps in the distances efficiently: whenever a gap
occurs, the estimated distances of all nodes above the gap are immediately
increased to n. This is usually referred to as the gap heuristic and, according
to the study in [2.16], it is a very useful addition to the global relabeling
heuristic if the highest-level active node selection strategy is applied. How-
ever, the gap heuristic does not seem to yield the same improvements under
FIFO selection strategy.

The 5 snapshots a, b, ¢, d and e shown in Fig. 2.1 and in Fig. 2.2 have
been produced by the algorithm animation system Leonardo [2.17] and depict
the behavior of the highest-level preflow push algorithm implemented with
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no additional heuristics on a small network with 19 nodes and 39 edges.
The animation aims at giving an empirical explanation about the utility of
the gap heuristic under the highest-level selection. The example shows that
this heuristic, if added to the code, could have saved about 80% of the total
time spent by the algorithm to solve the problem on that instance. Both the
network and a histogram of the estimated distances of nodes are shown in
the snapshots: active nodes are highlighted both in the network and in the
histogram and flow excesses are reported as node labels. Moreover, the edge
currently selected for a push operation is highlighted as well. Notice that
the source is initially assigned distance n and all nodes that eventually send
flows back to the source get distance greater than n. We believe that this is
an example where a visualization system may be of great help in providing a
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meaningful interpretation of data and statistics that can be of large size and
intrinsically complex and heterogeneous.

To conclude this section, we briefly describe how this particular visual-
ization was achieved with Leonardo. The source code used the following data
type for representing the network:

struct network {

int n,s,t; // Number of nodes, source and sink
int d[MAX]; // Estimated distances
int e[MAX]; // Flow excesses
int r[MAX] [MAX]; // Residual capacity
char adj[MAX] [MAX]; // Boolean adjacency matrix
} G // Instance of network data type

where G is an instance of the input network, with G.n nodes, source G.s,
sink G.t, and Boolean adjacency matrix G.adj[] []. The algorithm main-
tains the estimated distances in G.d[], the excess flow in G.e[], and the
residual capacities in G.r[] []. In order to produce the network visualization
we embedded into the source code the following lines:
YELS

Graph(Out 1);

Directed(1);

Node(Out N,1) For N:InRange(N,0,G.n-1);

Arc(X,Y,1) If G.adj[X]1[Y]!=0;

NodeColor(N,Out LightGreen,1) If G.d[N]>=G.n;
NodeFrame (N,Out Red,Out 2,1) If G.e[N]>0;
NodeLabel(N,Out Int,Out L,1) If G.e[N]>0 Assign L=G.e[N];

ArcThickness(X,Y,0ut Thick,1) If G.d[Y]==G.d[X]-1 && G.r[X][Y]>0;
ArcStyle(X,Y,Out Dashed,1) If G.d[Y]'=G.d[X]-1 || !'G.r[X][Y];
*k /

The goal of this visualization code is to declare a directed graph window
displaying a graph with id number 1. The nodes of the visualized graph are in
the range [0, G.n — 1] and there is an edge (X,Y) if and only if the correspond-
ing entry in the adjacency matrix is non-zero. Declarations of NodeColor,
NodeFrame, NodeLabel, NodeLabel, ArcStyle and ArcThickness specify the
graphical attributes of nodes and edges in the visualization. In particular, a
node is colored light green if its estimated distance fron the sink is at least
n; active nodes, i.e., nodes with positive excess flow, are highlighted with a
red frame and the amount of integer (Int) excess flow is shown as a node
label. Finally, edges are solid and thick if they might be selected for a push
operation, i.e., they enter nodes with lower estimated distance from the sink
and have positive residual capacity. The remaining edges are dashed. The
animation hinges upon the fact that, when the original algorithmic code is
executed, any change in the fields of variable G is automatically reflected in
the displayed images. The visualization code for the window showing the es-
timated distances of nodes from the sink is based on similar ideas and not
reported here.
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2.4.2 Animation Systems and Debugging: Spring Embedding

In this section we address an important application of animation systems:
debugging complex algorithmic codes. In particular, we describe our own
experience with a graph layout algorithm and show how its animation was
crucial for debugging an available implementation, and for discovering con-
vergence problems due to numerical errors. The algorithm, due to Kamada
and Kawai [2.28], is based on a force-directed paradigm, which uses a phys-
ical analogy to draw graphs: graph vertices and edges define a force system
and the algorithm seeks a configuration with locally minimal energy. The
embedding produced by the algorithm is also known as spring embedding:
indeed, Kamada and Kawai’s algorithm finds an embedding by introducing
a force system where vertices are mutually connected by springs. In more
detail, the algorithm attempts to find an embedding of the graph in which
Euclidean distances between vertices are as close as possible to the lengths
of their shortest paths. The energy of this system is thus:

n n
kig ..o ... . .2
E = —= (dist(i,j) — L - £(3, ,

;j;l 5> (dist(i, ) (i, ))
where dist(i,j) is the Euclidean distance between vertices i and j, £(i, j) is
the length of a shortest path between ¢ and j in the embedded graph, L is
the desirable length of a single edge in the drawing, and k; ; is the strength
of the spring between vertices ¢ and j.

In order to find a local minimum of the energy, Kamada and Kawai make
use of a two-dimensional Newton-Raphson method to look where partial
derivatives are zero (or close to zero). In particular, at each step all vertices
are frozen, except for one vertex that is moved to a stable point by means of
an iterated process. In more detail, the vertex with largest first-order partial
derivatives is selected, and it is repeatedly moved towards a local minimum
(based on the value of second-order partial derivatives). Those iterations ter-
minate when the first-order partial derivatives become small enough. This is
a very high-level description of the algorithm, which should suffice for our
goals: the interested reader is referred to [2.28] for the full details of the
method.

We received a C implementation of this algorithm that was implemented
straight from the paper. The implementation seemed flawed with convergence
problems on some graph instances: however, despite many efforts, the authors
of the code were unable to track down the bug. We were thus asked to try
to animate their implementation, in order to gain better understanding and
help debug this piece of algorithmic code. At that time, we did not know
much about Kamada and Kawai’s algorithm, and did not know much about
the implementation either: furthermore, we did not want to invest too much
time in studying in depth either the paper or the implementation.

We set up an animation in Leonardo [2.17]: the only information we had
to retrieve from the implementation concerned the data structures used to
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store the graph and the positions of the vertices as progressively refined and
returned by the algorithm. In particular, we had to look only at the following
lines from the implementation code:

int n;

int G[ MAXNODES ][ MAXNODES 1];

struct { double x,y; } pos[ MAXNODES ];

where G is the adjacency matrix of the graph, n is the number of vertices,
and pos contains the x and y coordinates of each vertex in the drawing. Our
animation was set up so as to show how vertices were changing their posi-
tion as the pos array was being updated by the algorithm, thus illustrating
the intermediate drawings produced in different steps of the algorithm. We
emphasize that it was very difficult to figure out this process using only the
numerical information displayed by a conventional textual debugger.

In order to produce the animation of this algorithm with Leonardo, we
embedded into the source code the following lines:

VLS
Graph( Out 1 );
Node( Out N, 1) For N: InRange( N, 0, n-1 );
Arc( U, V, 1 ) If GLUIL V] '=0;
NodePos( N, Out X, Out Y, 1)
Assign X = pos[ N ].x * 100
Y = pos[ N ].y * 100;

*x/

The goal of this visualization code is to declare a window displaying a
graph with id number 1. The vertices of the visualized graph are labeled
with integers in the range [0,n — 1], and there is an edge (U, V) if and only if
the corresponding entry in the adjacency matrix is non-zero. The coordinates
(x,y) of vertex N of graph 1 are proportional to pos[N].x and pos[N].y
respectively. The animation hinges upon the fact that, when the original
algorithmic code is executed, any change in the variables n, G, and pos is
automatically reflected in the displayed images.

Figure 2.3 illustrates different snapshots of the animation throughout the
execution. Together with the window displaying the graph, there is another
window showing the potential energy of each vertex (the visualization code
for this window is not reported). As can easily be seen from the right col-
umn in Figure 2.3, the implementation seems to be looping among different
energy configurations while trying to position vertex 0: in particular, the
animation shows that vertex 0 is oscillating between two different positions.
This was more difficult to discover without visualizing the running code, since
the relevant values of pos[ 0 ].x and pos[ O ].y were never identical in
the sequence of cycling steps. We also found examples where the oscillation
was much more complicated, i.e., it involved more than one vertex and its
periodicity was ranging over dozens of iterations. A simple analysis of the
implementation code pointed out that the oscillating behavior was caused by
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Fig. 2.3. Storyboard of Kamada and Kawai’s algorithm animated with Leonardo

numerical errors: a more careful tuning of the convergence parameters was
able to fix the problem.

2.4.3 Animation Systems and Demos: Geometric Algorithms

The visual nature of geometric applications makes them a natural area for
designing systems that describe relevant aspects of the algorithm behavior by
using animation. Indeed, the animation of geometric algorithms is mentioned
among the strategic research directions in computational geometry [2.47] and
increasing attention has been put towards designing algorithm visualization
tools for computational geometry (see, e.g., [2.2, 2.4, 2.27, 2.46]).



42 Camil Demetrescu et al.

In this section we show how to use the GeoWin data type introduced
in Section 2.2, which was designed to be easily interfaced with algorithmic
software libraries such as CGAL [2.22] and LEDA [2.34]. In particular, we
discuss two of the basic features of GeoWin.

Result Scenes. A result scene is a GeoWin scene that depends on one or
more input scenes. The dependence is defined by a function to be called for
the objects of the input scenes. The contents of the result scene are just
the output of this function. Whenever the input scene is modified the output
scene is recomputed. In this way, it is very easy to write programs for showing
the result of an algorithm on-line while the user is modifying the input of the
algorithm, for example, by moving objects around, or by inserting or deleting
objects of the input scenes.

The following piece of code shows an example program using this ap-
proach. We assume that there is a function INTERSECT computing the inter-
section points (of some type point_t) of a given set of straight line segments
(of some type segment_t). Then we can create a the result scene that depends
on an input scene sc_input of points by calling gw.new_scene (INTERSECT,
sc_input). Many demonstration programs in LEDA and CGAL are written
in this way. In particular, all algorithms working on an input set of points
(e.g., all kinds of Voronoi and Delaunay diagrams) can be visualized in a
single elegant program.

void INTERSECT (const list<segment_t>&, 1ist<point_t>&);

int main() {
GeoWin gw("Segment Intersection");
list<segment_t> L;
geo_scene sc_input = gw.new_scene(L);
geo_scene sc_ouput = gw.new_scene(INTERSECT,sc_input);
gw.set_color(sc_output,red );
gw.set_visible(sc_ouput,true );
gw.edit(sc_input);
return O;

}

Event Handling. Every edit operation of the interactive interface of Geo-
Win has an associated event. For instance, creating a new object triggers a
new_object event, deleting an object causes a del_object event, and moving an
object around creates a move_object event. Application programs can handle
these events by specifying corresponding call-back functions that are to be
called whenever a certain event occurs. We show how to use event handling
in the animation of a sweep line algorithm.

The program creates a special scene sc_sweep that contains a single verti-
cal line, the sweep line, and it associates a call-back function sweep_handler
with the move_object events of this scene (by calling gw.set_move handler
(sc_sweep,sweep-handler)). Now, during the interactive mode, the user can
grab and move the sweep line with the mouse, and for each motion event the
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sweep handler function is called, with the relative distance vector of the mo-
tion. Note that the call-back function associated with move object events has
a boolean return type. The result of this function is evaluated by GeoWin and
controls whether the actual motion is really executed. In the sweep example
we use this fact to prevent any backward motion of the sweep line.

void sweep_handler(GeoWin& gw, const line& sl,
double dx, double dy) {
// move sweep line horizontally by dx"
// do not allow backward motions
if (dx > 0) {
sweep_x += dx;
"process all events left of sweep_x"
}
}

int main() {
GeoWin gw("Sweep Demo");

list<line> sweep_line;
sweep_line.append(line(point(0,-100), point(0,100)));

geo_scene sc_sweep = gw.new_scene(sweep_line);
gw.set_move_handler(sc_sweep, sweep_handler);
gw.edit(sc_sweep) ;

return O;

}

The screenshot of Figure 2.4 shows the window of an animation that uses
this technique for the animation of Fortune’s sweep algorithm (see [2.23]) for
computing the Voronoi Diagram of a set of points in the plane. This animation
allows the user to drag the sweep line across the plane while watching several
different structures: the constructed Delaunay triangulation, the shore line of
parabolic arcs, and the circle events of the sweep.

2.4.4 Animation Systems and Fast Prototyping

Many animation systems require heavy modifications to the source code at
hand and, in some instances, even require writing the entire animation code
in order to produce a desired algorithm visualization. Thus, a user of these
systems is supposed to invest a considerable amount of time writing code for
the animation but also needs to have a significant algorithmic background to
understand the details of the program to be visualized. This is not desirable,
especially when algorithm animation is to be used in program development
and debugging. Indeed, our own experience supports the same conclusions
drawn in reference [2.37], namely that the effort required to animate an algo-
rithm is one of the main factors limiting the diffusion of animation techniques
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Fig. 2.4. Animation of Fortune’s sweep algorithm with GeoWin

as a successful tool for debugging, testing and understanding computer algo-
rithms.

In this section we address the issue of fast prototyping in algorithm ani-
mation and we show how this can be achieved by a deep use of reusability: in
many cases, in the area of algorithm animation reusability is not considered
at all, and very often the animation is so heavily embedded in the algorithm
itself that not much of it can be reused in other animations. To achieve this,
we need to enforce reusability in a strong sense: if the user produces a given
animated data type (e.g., a stack, a tree, or a graph), then all its instances in
any context (local scope, global scope, different programs) must show some
standard graphical behavior with no additional effort at all. Of course, when
multiple instances of different data types are animated for different goals, a
basic graphical result may be poor without an additional, application-specific
coordination effort that by its own nature seems not (and perhaps could never
be) reusable. A successful approach is to offer different levels of sophistica-
tion: non-sophisticated animations should be basically obtained for free. If
one wants a more sophisticated animation, for instance by exploiting some
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coordination among different data types for the algorithm at hand, then some
additional effort should be required.

We now exemplify how fast prototyping and reusability can be addressed
in an animation system by taking the example of CATAI [2.14]. In partic-
ular, we describe the general steps that must be followed for preparing an
animation in CATAI and at the same time illustrate them through a work-
ing example: the animation of Kruskal’s algorithm for computing a minimum
spanning tree (MST) of a graph [2.30].

Kruskal’s algorithm first sorts all the edges by increasing cost, and then
grows a forest that will finally converge to a minimum spanning tree. Initially,
the forest consists of n singleton nodes (i.e., the vertices in the graph). At each
step, the algorithm analyzes one edge at the time, in increasing order of their
cost. If the endpoints of the edge under examination are already connected in
the current forest, this edge is discarded. Otherwise, the endpoints are in two
different trees: the edge is inserted into the forest (i.e., it will be a minimum
spanning tree edge), and the two trees are merged into one. For efficiency
issues, the trees are maintained as set union data types [2.48]. We refer to
LEDA’s implementation of Kruskal’s algorithm [2.34], which makes use of
the class partition to implement set union data types.

While building an algorithm animation, the first decision to be taken is
which data types are to be animated. In the example at hand, for instance,
it seems natural to visualize the graph being explored; additionally, we could
also choose to animate the underlying partition given by the set union data
types. Once this has been decided, the process of developing an animation
can be broken into three different steps.

Animation Libraries. A crucial module that provides the basic tools for
animation in CATAI, e.g., the graphical vocabulary, is given by the animation
libraries. CATAI supplies animation libraries for most textbook algorithms:
these libraries are totally independent from the data structures being ani-
mated and can be easily reused. In our example of minimum spanning trees,
CATATI already contains animation libraries to represent graph objects, and
thus this task is trivial.

Animated Data Types. Once animation libraries are available, we need to
revise the implementation of the original data types to support some anima-
tion capabilities. We call animated classes the classes that implement data
types with support for animation: CATAI offers a specialized C++ library to
assist in the development of animated classes. The principal component of
this library is the Animator class, which provides animation server commu-
nication primitives and binding mechanisms between a data type and the
related animation library. An animated class can be derived from the origi-
nal non-animated class and from the Animator class. These primitives map
data type operators to their animated counterparts.

In our minimum spanning tree example, the non-animated algorithm uses
the LEDA graph and partition data types. The LEDA graph class uses a
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single object that acts as a container to hold nodes and edges. To obtain
the animated class, we derive the class animgraph from the LEDA graph
class and from the Animator class. The methods that we wish to animate
are those that change the graph: adding, removing and modifying edges or
vertices. Apart from these methods, we could also add some extra methods
for animation purposes.

Animated Algorithm. We are now ready to show how to animate the
implementation of Kruskal’s algorithm at hand. Starting from the original
code, we replace the standard graph and partition with their animated coun-
terparts. Next, we add some animation-specific code to highlight the behavior
of the algorithm.

Original algorithm Animated algorithm
G = new graph(); G = new animgraph(sockd) ;
list<edge> MST::KRUSKAL(graph &G){ list<edge> MST::KRUSKAL (animgraph &G){
node_partition P(G); anim_node_partition P(G);
list<edge> L = G.all_edges(); list<edge> L = G.all_edges();
list<edge> T; list<edge> T;
L.sort (CMP_EDGES) ; L.sort (CMP_EDGES) ;
edge e; edge e;
forall(e,L) { forall(e,L) {
node v = source(e); color_edge(e, GREEN);
node w = target(e); node v = source(e);
if (! P->same_block(v,w)) { node w = target(e);
T.append(e) ; if (! P->same_block(v,w)) {
P->union_blocks(v,w); T.append(e) ;
} color_edge(e, BLUE);
} color_node(v, BLUE);
return T; color_node(w, BLUE);
} P->union_blocks(v,w);
}
else color_edge(e, RED);
}
return T;
¥

For instance, we can choose to color green the edge that we are currently
considering. If this edge will be included in the minimum spanning tree, then
we will color it blue, and otherwise we will color it red. Endpoints of blue
edges are colored blue, so that a forest of blue trees is visualized throughout
the execution of the algorithm. This blue forest will converge to a minimum
spanning tree. The resulting algorithm is proposed as a method of a container
object, i.e., an MST class, and the public interface of this object will report
the services (methods) that can be requested by the end-user. One snapshot
of the animation is contained in Figure 2.5.
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Fig. 2.5. Snapshot of the animation of Kruskal with CATAIL edges (2,5), (0,5),
(4,0), (6,7), (4,3) and (1,7) have been examined and colored blue together with
their endpoints, edge (5,3) has been colored red, and the edge (8,8) is currently
being examined and colored green. The state of the partition is shown to the right:
we have grown two blue trees (one containing vertices 0,2,3,4,5 and the other
containing vertices 1,6,7). Vertices 8 and 9 are still in singleton trees

2.5 Conclusions and Further Directions

In this paper we have addressed the role of visualization in algorithm en-
gineering, and we have surveyed the main approaches and existing tools.
Furthermore, we have discussed difficulties and relevant examples where vi-
sualization systems have helped developers gain insight about algorithms,
test implementation weaknesses, and tune suitable heuristics for improving
the practical performance of algorithmic codes.

We believe that this can have a high impact in the way we design, debug,
engineer, and teach algorithms. Yet, it seems that its potential has not been
fully delivered. Citing verbatim from the foreword of [2.44] by Jim Foley:
“My only disappointment with the field is that software visualization has not
yet had a major impact on the way we teach algorithms and programming
or the way in which we debug our programs and systems. While I continue
to believe in the promise and potential of software visualization, it is at the
same time the case that software visualization has not yet had the impact
that many have predicted and hoped for.”

There are many challenges that the area of algorithm animation is cur-
rently facing. First of all, the real power of an algorithm animation system
should be in the hands of the final user, possibly inexperienced, rather than
of a professional programmer or of the developer of the tool. For instance,
instructors may greatly benefit from fast and easy methods for tailoring ani-
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mations to their specific educational needs, while they might be discouraged
from using systems that are difficult to install or heavily dependent on partic-
ular software/hardware platforms. In addition to being easy to use, a software
visualization tool should be able to animate significantly complex algorith-
mic codes without requiring a lot of effort. This seems particularly important
for future development of visual debuggers. Finally, visualizing the execution
of algorithms on large data sets seems worthy of further investigation. Cur-
rently, even systems designed for large information spaces often lack advanced
navigation techniques and methods to alleviate the screen bottleneck, such
as changes of resolution and scale, selectivity, and elision of information.
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Summary.

The purposes of this paper are two:
(1) to give an exposition of the main ideas of parameterized complexity,
and
(2) to discuss the connections of parameterized complexity to the system-
atic design of heuristics and approximation algorithms.

3.1 Introduction

Research in the parameterized framework of complexity analysis, and on
the corresponding toolkit of algorithm design methods has been expanding
rapidly in recent years. This has led to a flurry of recent surveys, all of which
are good sources of introductory material [3.46, 3.42, 3.22, 3.24, 3.3, 3.32,
3.33]. One could also turn to the monograph [3.21]. Experience with im-
plementations of FPT algorithms is described in [3.34, 3.49, 3.3]. In several
cases, these implementations now provide the best available “heuristic” al-
gorithms for general well-known NP-hard problems. More importantly, the
theory seems to provide some useful mathematical systematization of much
existing practice in heuristics and practical computing. Computing practi-
tioners have naturally exploited limited structural parameter ranges of the
problem inputs they have been faced with, or limited parameter ranges of
the solutions they have sought.

The first part of this survey summarizes the main ideas of parameterized
complexity and presents a broad perspective on the program. The second part
is concerned with connections to heuristics and practical computing strate-
gies, and to approximation algorithms. Thus Section 3.2 gives the overview
and main definitions. Section 3.3 explores the natural relationship of fixed-
parameter tractability to the design of practical algorithms and gives several
examples showing the apparently widespread situation that many industrial
strength heuristics currently in use are in fact FPT algorithms for natural
parameters, previously uncharted as such. Section 3.4 describes how param-
eterization according to the goodness of approximation (k = 1/e for approx-
imations to within a factor of 1 + € of optimal) provides a vital critical tool
for evaluating the practical significance of recent work on polynomial-time
approximation schemes. Section 3.5 explores how FPT algorithm design is

R. Fleischer et al. (Eds.): Experimental Algorithmics, LNCS 2547, pp. 51-77, 2002.
© Springer-Verlag Berlin Heidelberg 2002



52 Michael R. Fellows

naturally intertwined with polynomial-time approximation algorithms and
pre-processing based heuristics.

3.2 Parameterized Complexity in a Nutshell

The main ideas of parameterized complexity are organized here into two
discussions:

e The basic empirical motivation.

e The perspective provided by forms of the Halting Problem.

3.2.1 Empirical Motivation:
Two Forms of Fixed-Parameter Complexity

Most natural computational problems are defined on input consisting of var-
ious information, for example, many graph problems are defined as having
input consisting of a graph G = (V| E)) and a positive integer k. Consider the
following well-known problems:

VERTEX COVER

Input: A graph G = (V, E) and a positive integer k.

Question: Does G have a vertex cover of size at most k? (A vertex cover is a
set of vertices V' C V such that for every edge uv € E, u € V' or v € V' (or
both).)

DOMINATING SET

Input: A graph G = (V, E) and a positive integer k.

Question: Does G have a dominating set of size at most k? (A dominating
set is a set of vertices V! C V such that Yu € V: u € N[v] for some v € V')

Although both problems are NP-complete, the input parameter k con-
tributes to the complexity of these two problems in two qualitatively different
ways.

1. After many rounds of improvement involving a variety of ideas, starting
from a simple O(2¥n) algorithm, the best known algorithm for VERTEX
COVER now runs in time O(1.271% + kn) [3.17]. This is implemented and
practical for n of unlimited size and k up to around 400 [3.34, 3.49, 3.19].

2. The best known algorithm for DOMINATING SET is still just the brute
force algorithm of trying all k-subsets. For a graph on n vertices this
approach has a running time of O(n*+1).

Table 3.2.1 shows the contrast between these two kinds of complexity.
In order to formalize the difference between VERTEX COVER and DOMI-
NATING SET we make the following basic definitions.

Definition 3.2.1. A parameterized language L is a subset L C X* x X*. If
L is a parameterized language and (x,k) € L then we will refer to x as the
main part, and refer to k as the parameter.
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Table 3.1. The ratio ";:: for various values of n and k
n =50 n = 100 n = 150
k=2 625 2,500 5,625
k=3 15,625 125,000 421,875

E=5 390,625 6,250,000 | 31,640,625
k=10 | 1.9 x 10" | 9.8 x 10 | 3.7 x 10°
k=20 1.8x10% | 9.5 x10°" | 2.1 x 10%°

A parameter may be non-numerical, and it can also represent an aggregate
of various parts or structural properties of the input.

Definition 3.2.2. A parameterized language L is multiplicatively fixed-
parameter tractable if it can be determined in time f(k)q(n) whether (z,k) €
L, where |z| = n, q(n) is a polynomial inn, and f is a function (unrestricted).

Definition 3.2.3. A parameterized language L is additively fixed-parameter
tractable if it can be determined in time f(k)+q(n) whether (x,k) € L, where
|z] = n, g(n) is a polynomial in n, and f is a function (unrestricted).

As an exercise, the reader might wish to show that a parameterized
language is additively fixed-parameter tractable if and only if it is mul-
tiplicatively fixed-parameter tractable. This emphasizes how cleanly fixed-
parameter tractability isolates the computational difficulty in the complexity
contribution of the parameter.

There are many ways that parameters arise naturally, for example:

e The size of a database query. Normally the size of the database is huge,
but frequently queries are small. If n is the size of a relational database, and
k is the size of the query, then answering the query (MODEL CHECKING)
can be solved trivially in time O(n*). It is known that this problem is un-
likely to be FPT [3.23, 3.44] because it is hard for W[1] (a form of negative
evidence explained in Section 3.2.2). However, if the parameter is the size
of the query and the treewidth of the database, then the problem is fixed-
parameter tractable. It appears that many databases encountered in practice
do have bounded treewidth, so this quite nontrivial FPT result has significant
potential to be useful [3.33].

e The nesting depth of a logical expression. ML compilers work reasonably
well. One of the problems the compiler must solve is the checking of the
compatibility of type declarations. This problem is complete for deterministic
exponential time [3.35], so the situation appears dire from the standpoint
of complexity theory. The implementations work well in practice, using an
algorithm that previously would have been called a heuristic because — we
can now say — the ML TYPE CHECKING problem is solved by an FPT
algorithm with a running time of O(2*n), where n is the size of the program
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and k is the maximum nesting depth of the type declarations [3.39]. Since
normally k& < 6, the algorithm is clearly practical.

e The number of species in an evolutionary tree. Frequently this parameter is
in a range of k < 50. The PHYLIP computational biology server includes an
algorithm which solves the STEINER PROBLEM IN HYPERCUBES in order to
compute possible evolutionary trees based on (binary) character information.
The exponential heuristic algorithm that is used is in fact an FPT algorithm
when the parameter is the number of species [3.24].

e The number of processors in a practical parallel processing system. This
is frequently in the range of k < 64. Is there a practical and interesting
theory of parallel FPT? For a recent paper that explores practical parallel
implementations of FPT algorithms see [3.19]. (Coarse-grained parallel im-
plementations of FPT algorithms for VERTEX COVER are accessible on an
algorithmic server at the University of Carleton website.)

e The number of variables or clauses in a logical formula, or the number of
steps in a deductive procedure. Some initial studies of applications of param-
eterized complexity to logic programming and artificial intelligence have re-
cently appeared [3.50, 3.30]. Much remains unexplored. Determining whether
at least k clauses of a CNF formula F' are satisfiable is FPT with a run-
ning time of O(|F| + 1.381%k2) [3.8]. Since at least half of the m clauses of
F' can always be satisfied, a more natural parameterization is to ask if at
least m/2 + k clauses can be satisfied — this is FPT with a running time
of O(|F| + 6.92%k?) [3.8]. Implementations indicate that these algorithms
are quite practical [3.31], with the kernelization transformations of the FPT
algorithms having particular practical value in decreasing the size of the sub-
sequent exponential search trees.

e The number of steps for a motion planning problem. Where the description
of the terrain has size n (which therefore bounds the number of movement
options at each step), we can solve this problem in time O(n**1) trivially. Are
there significant classes of motion planning problems that are fixed-parameter
tractable? Exploration of this topic has hardly begun [3.14].

o The number of moves in a game, or the number of steps in a planning
problem. While most game problems are PSPACFE-complete classically, it is
known that some are F'PT and others are likely not to be FPT (because they
are hard for W[1]), when parameterized by the number of moves of a winning
strategy [3.1]. The size n of the input game description usually governs the
number of possible moves at any step, so there is a trivial O(n*) algorithm
that just examines the k-step game trees exhaustively. This is potentially
a very fruitful area, since games are used to model many different kinds of
situations.

e The number of facilities to be located. Determining whether a planar graph
has a dominating set of size at most k is fixed-parameter tractable by an
algorithm with a running time of O(8*n) based on kernelization and search
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trees. By different methods, an FPT running time of 0(336\%)71 can also be
proved. This does not appear to be practical on the basis of this parameter
function f(k), but the algorithm has been implemented and appears to be
practical for k up to 500 for classes of randomly generated tests. This seems
to be the best available algorithm for PLANAR DOMINATING SET.

e A “dual” parameter. A graph has an independent set of size k if and only
if it has a vertex cover of size n — k. Many problems have such a natural dual
form and it is “almost” a general rule, first noted by Raman, that parametric
duals of NP-hard problems have complementary parameterized complexity
(one is FPT, and the other is W/[l]-hard) [3.38, 3.6]. For example, n — k
DOMINATING SET is FPT, as is n — k GRAPH COLORING. Solving a hard
problem by parameterizing from “the other end” appears to be an important
and general algorithmic strategy. The best available algorithm for MAXIMUM
INDEPENDENT SET is to compute a VERTEX COVER by the very good FPT
algorithms for this problem, and take the complement.

e An unrelated parameter. The input to a problem might come with “extra
information” because of the way the input arises. For example, we might be
presented with an input graph G together with a k-vertex dominating set in
G, and be required to compute an optimal bandwidth layout. Whether this
problem is FPT'is open. Problems of this sort have recently begun to receive
attention [3.11].

e The amount of “dirt” in the input or output for a problem. In the MAXIMUM
AGREEMENT SUBTREE (MAST) problem we are presented with a collection
of evolutionary trees trees for a set X of species. These might be obtained by
studying different gene families, for example. Because of errors in the data,
the trees might not be isomorphic, and the problem is to compute the largest
possible subtree on which they do agree. Parameterized by the number of
species that need to be deleted to achieve agreement, the MAST problem is
FPT by an algorithm having a running time of O(2.27% 4+ rn3) where 7 is the
number of trees and n is the number of species [3.43].

e The “robustness” of a solution to a problem, or the distance to a solution.
For example, given a solution of the MINIMUM SPANNING TREE problem in
an edge-weighted graph, we can ask if the cost of the solution is robust under
all increases in the edge costs, where the parameter is the total amount of
cost increases.

e The distance to an improved solution. Local search is a mainstay of heuristic
algorithm design. The basic idea is that one maintains a current solution, and
iterates the process of moving to a neighboring “better” solution. A neighbor-
ing solution is usually defined as one that is a single step away according to
some small edit operation between solutions. The following problem is com-
pletely general for these situations, and could potentially provide a valuable
subroutine for “speeding up” local search:
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k-SPEED UP FOR LOCAL SEARCH

Input: A solution S, k.

Parameter: k

Output: The best solution S’ that is within & edit operations of S.

Is it FPT to explore the k-change neighborhood for TSP?

e The goodness of an approximation. If we consider the problem of producing
solutions whose value is within a factor of (1 + €) of optimal, then we are
immediately confronted with a natural parameter k& = 1/e. Many of the
recent PTAS results for various problems have running times with 1/e in the
exponent of the polynomial. Since polynomial exponents larger than 3 are
not practical, this is a crucial parameter to consider. The reader will find
more about this in Section 3.4.

It is obvious that the practical world is full of concrete problems governed
by parameters of all kinds that are bounded in small or moderate ranges.
If we can design algorithms with running times like 2¥n for these problems,
then we may have something really useful.

The following definition provides us with a place to put all those problems
that are “solvable in polynomial time for fixed k” without making our central
distinction about whether this “fixed k£” is ending up in the exponent or not.

Definition 3.2.4. A parameterized language L belongs to the class XP
(slicewise P) if it can be determined in time f(k)n9*) whether (z,k) € L,
where |z| = n, with f and g being unrestricted functions.

Is it possible that F'PT = X P? This is one of the few structural questions
concerning parameterized complexity that currently has an answer [3.21].

Theorem 3.2.1. FPT is a proper subset of XP.

3.2.2 The Halting Problem: A Central Reference Point

The main investigations of computability and efficient computability are tied
to three basic forms of the Halting Problem.

1. THE HALTING PROBLEM
Input: A Turing machine M.
Question: If M is started on an empty input tape, will it ever halt?

2. THE POLYNOMIAL-TIME HALTING PROBLEM FOR NONDETERMINISTIC
TURING MACHINES
Input: A nondeterministic Turing machine M.
Question: Is it possible for M to reach a halting state in n steps, where
n is the length of the description of M?

3. THE k-STEP HALTING PROBLEM FOR NONDETERMINISTIC TURING
MACHINES
Input: A nondeterministic Turing machine M and a positive integer k.
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(The number of transitions that might be made at any step of the com-
putation is unbounded, and the alphabet size is also unrestricted.)
Parameter: k

Question: Is it possible for M to reach a halting state in at most k steps?

The first form of the HALTING PROBLEM is useful for studying the ques-
tion:

“Is there ANY algorithm for my problem?”

The second form of the HALTING PROBLEM has proved useful for nearly
30 years in addressing the question:

“Is there an algorithm for my problem ... like the ones for
SORTING and MATRIX MULTIPLICATION?”

The second form of the HALTING PROBLEM is trivially NP-complete, and
essentially defines the complexity class NP. For a concrete example of why it
is trivially NP-complete, consider the 3-COLORING problem for graphs, and
notice how easily it reduces to the P-TiME NDTM HALTING PROBLEM.
Given a graph G for which 3-colorability is to be determined, we just create
the following nondeterministic algorithm:

Phase 1. (There are n lines of code here if G has n vertices.)
(1.1) Color vertex 1 one of the three colors nondeterministically.
(1.2) Color vertex 2 one of the three colors nondeterministically.

(1.n) Color vertex n one of the three colors nondeterministically.

Phase 2. Check to see if the coloring is proper and if so halt. Otherwise go
into an infinite loop.

It is easy to see that the above nondeterministic algorithm has the possi-
bility of halting in m steps (for a suitably padded Turing machine description
of size m) if and only if the graph G admits a 3-coloring. Reducing any other
problem IT € NP to the P-TiME NDTM HALTING PROBLEM is no more
difficult than taking an argument that the problem II belongs to NP and
modifying it slightly to be a reduction to this form of the HALTING PROBLEM.
It is in this sense that the P-TiME NDTM HALTING PROBLEM is essentially
the defining problem for N P.

The conjecture that P # N P is intuitively well-founded. The second form
of the HALTING PROBLEM would seem to require exponential time because
there is little we can do to analyze unstructured nondeterminism other than
to exhaustively explore the possible computation paths. Apart from accu-
mulated habit, this concrete intuition is the fundamental reference point for
classical complexity theory.

When the question is:

“Is there an algorithm for my problem ... like the one for
VERTEX COVER?”
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the third form of the HALTING PROBLEM anchors the discussion. This ques-
tion will increasingly and inevitably be asked for any NP-hard problem for
which small parameter ranges of input or output aspects or structure are
important in applications. It is reasonable to assert that there are few appli-
cations of computing where this will not be true.

The third natural form of the HALTING PROBLEM is trivially solvable in
time O(n*) by exploring the n-branching, depth-k tree of possible compu-
tation paths exhaustively. Our intuition here is essentially the same as for
the second form of the Halting Problem — that this cannot be improved.
The third form of the Halting Problem defines the parameterized complexity
class W[1]. Thus W[1] is strongly analogous to NP, and the conjecture that
FPT # W|1] stands on much the same intuitive grounds as the conjecture
that P # N P. The appropriate notion of problem reduction is as follows.

Definition 3.2.5. A parametric transformation from a parameterized lan-
guage L to a parameterized language L' is an algorithm that computes from
input consisting of a pair (x,k), a pair (2, k") such that:

1. (x,k) € L if and only if (', k") € L',

2. k' = g(k) is a function only of k, and

3. the computation is accomplished in time f(k)n®, where n = |z|, « is a
constant independent of both n and k, and f is an arbitrary function.

e}

Hardness for W[1] is the working criterion that a parameterized problem
is unlikely to be FPT. The k-CLIQUE problem is W([1]-complete [3.21], and
often provides a convenient starting point for W[1]-hardness demonstrations.

3.3 Connections to Practical Computing and Heuristics

What is the working context of practical computing? A thought-provoking
account of this subject has been given by Weihe [3.52].

A crucial question is: What are the actual inputs that practical computing
implementations have to deal with?

In considering “war stories” of practical computing, such as reported by
Weihe, we are quickly forced to give up the idea that real inputs (for most
problems) fill up the definitional spaces of our mathematical modeling. The
general rule also is that real inputs are not random, but rather have lots of
hidden structure that may not have a familiar name or conceptualization.

Example 1: Weihe’s Train Problem

Weihe describes a problem concerning the train systems of Europe [3.51].
Consider a bipartite graph G = (V, E) where V is bipartitioned into two sets
S (stations) and T (trains), and where an edge represents that a train ¢ stops
at a station s. The relevant graphs are huge, on the order of 10,000 vertices.
The problem is to compute a minimum number of stations S’ C S such that
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every train stops at a station in S’. It is easy to see that this is a special case
of the HITTING SET problem, and is therefore NP-complete. Moreover, it is
also W[1]-hard [3.21], so the straightforward application of the parameterized
complexity program seems to fail as well.

However, the following two reduction rules can be applied to simplify
(pre-process) the input to the problem. In describing these rules, let N(s)
denote the set of trains that stop at station s, and let N(¢) denote the set of
stations at which the train ¢ stops.

1. If N(s) C N(s') then delete s.
2. If N(t) C N(t') then delete t'.

Applications of these reduction rules cascade, preserving at each step enough
information to obtain an optimal solution. Weihe found that, remarkably,
these two simple reduction rules were strong enough to “digest” the original,
huge input graph into a problem kernel consisting of disjoint components of
size at most 50 — small enough to allow the problem to be solved optimally
by brute force.

Note that in the same breath, we have here a polynomial-time constant
factor approximation algorithm, getting us a solution within a factor of 50
of optimal in, say, O(n?) time, just by taking all the vertices in the kernel
components.

Weihe’s example displays a universally applicable coping strategy for
hard problems: smart pre-processing. It would be silly not to undertake pre-
processing for an NP-hard problem, even if the next phase is simulated an-
nealing, neural nets, roaming ants, genetic, memetic or the kitchen sink. In
a precise sense, this is ezactly what fixed-parameter tractability is all about.
The following is an equivalent definition of FPT [3.24].

Definition 3.3.1. A parameterized language L is kernelizable if there is a
parametric transformation of L to itself, and a function h (unrestricted) that
satisfies:

1. the running time of the transformation of (x, k) into (', k'), where |z| =
n, is bounded by a polynomial q(n, k) (so that in fact this is a polynomial-
time transformation of L to itself, considered classically, although with
the additional structure of a parametric reduction),

2. k' <k, and

3. 2’| < h(k), where h is an arbitrary function.

Lemma 3.3.1. A parameterized language L is fized-parameter tractable if
and only if it is kernelizable.

Weihe’s example looks like an FPT kernelization, but what is the param-
eter? As a thought experiment, let us define K (G) for a bipartite graph G to
be the maximum size of a component of G when G is reduced according to
the two simple reduction rules above. Then it is clear, although it might seem
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artificial, that HITTING SET can be solved optimally in FPT time for the pa-
rameter K (G). We can add this new tractable parameterization of HITTING
SET to the already known fact that HITTING SET can be solved optimally in
FPT-time for the parameter treewidth. (It is not hard to show that treewidth
and K (G) are unrelated.)

As an illustration of the power of pre-processing, the reader will easily
discover a reduction rule for VERTEX COVER that eliminates all vertices of
degree 1. Not so easy is to show that all vertices of degree at most 3 can be
eliminated, leaving as a kernel a graph of minimum degree four. This pre-
processing routine yields the best known heuristic algorithm for the general
VERTEX COVER problem (i.e., no assumption that k is small), and also plays
a central role in the best known FPT algorithm for VERTEX COVER [3.17].

We see in Weihe’s train problem an example of a problem where the natu-
ral input distribution (graphs of train systems) occupies a limited parameter
range, but the relevant parameter is not at all obvious. The inputs to one
computational process (e.g., Weihe’s train problem) are often the outputs
of another process (the building and operating of train systems) that also
are governed by computational and other feasibility constraints. We might
reasonably adopt the view that the real world of computing involves a vast
commerce in hidden structural parameters.

Weihe’s algorithm is a beautiful example of an FPT algorithm that ex-
ploits a significant hidden structural parameter of the graphs that arise in
analyzing train systems, and follows a “classic” pattern in FPT algorithm
design: (1) a P-time kernelization, pre-processing phase, followed by (2) an
exponential search phase (exponential in the size of the kernel).

Example 2: Heuristics for Breakpoint Phylogeny

It is assumed that there is a fixed set G of genes shared by all the species
for which an evolutionary tree is to be constructed. With each species S
is associated a circular ordering of G where each gene occurs signed, either
positively or negatively, according to the transcription direction for the gene
(and each gene occurs in the circular ordering for the species exactly once).
Given two such circular orderings for species S and S’, a breakpoint is an
ordered pair of genes (g,¢’) such that g and ¢’ occur consecutively in S
in that order, but neither (g,¢’) nor (—g¢’, —g) occur consecutively in that
order in S’. The breakpoint distance d(S,S’) between S and S’ is the number
of breakpoints between S and S’. The breakpoint score of a tree labeled at
each node with a signed circular ordering of G is the sum of the breakpoint
distances along the edges of the tree.

The BREAKPOINT PHYLOGENY problem takes as input a set of signed
circular orderings 51, ..., .S, and seeks to find a tree T with n leaves such
that:

1. The leaves are labeled 1:1 with the S;.

2. The internal vertices are labeled with signed circular orderings of G that
represent hypothesized ancestral species.

3. The breakpoint score of T' is minimized.
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The problem is apparently quite difficult; it is NP-complete, even for the
seemingly severe restriction to n = 3 — only three species! — known as the
BEAKPOINT MEDIAN PROBLEM [3.45]. A substantial speedup is reported by
Moret, et al. [3.40], for a heuristic based on the following kernelization rule.

— If two genes always occur consecutively (either as (g,g’) or as (—¢’, —g))
in the circular ordering of each of the species under consideration, then
“fuse” g and ¢’ into a single replacement metagene. (Thus the size of G,
and the length of the circular orderings, is effectively decreased by one.)

The authors of [3.40] report that this single reduction rule yields a speedup
by a factor of 6 over the implementation of Blanchette, Bourque and Sankoff
[3.10].

This first phase of kernelization on a Campanulaceae data set of 13 species
with an initial set of genes G of size |G| = 150 was found to simplify the input
to a set G’ of metagenes of size |G'| = 35. Following this initial kernelization,
the second phase considers a sampling of all (2n — 5)!! leaf-labelled trees on
n leaves, and for each of these uses a separate heuristic to explore possible
internal labellings.

This heuristic was not developed as an FPT algorithm, yet it is one, for
a realistic natural parameter — the total cost of the tree.

Theorem 3.3.1. The BREAKPOINT MEDIAN PROBLEM is fized-parameter
tractable for the parameter k taken to be the total cost of the tree.

Proof. If the tree has total cost k then it has at most & internal edges (since
each contributes some cost to the total) and therefore at most k — 1 leaves
and at most k — 2 internal vertices. It is also not hard to see that after
kernelization, the number of genes in each sequence is at most k. Thus, the
cost of exhaustively checking each of the (2k — 7)!! leaf-labelled trees on k —1
leaves, and exhaustively trying all possible assignments of the k! possible gene
orderings (of the kernelized instance) to the internal vertices of the trees —
all of this can be accomplished in time bounded by a function of k. O

The running time of the kernelization + brute force FPT algorithm de-
scribed above would not seem conducive to practical implementation, since
the implicit parameter function f(k) is around (k!)¥, which exceeds 102°
when k£ = 4. What Moret et al. have implemented is essentially a heuristic
adaptation of this FPT algorithm, based on a sampling of the possible trees
and a sampling of the possible internal vertex assignments.

General heuristic design strategies that correspond to some of the main
FPT methods are displayed in Table 3.3. The essential theme is to obtain
heuristic methods from FPT algorithms by strategies for deflating the para-
metric costs by truncating or sampling the search trees or obstruction sets,
etc.
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Table 3.2. Some FPT methods and heuristic strategies

FPT Technique Heuristic Design Strategy
Reduction to a Problem Kernel A useful pre-processing subroutine
for any heuristic.
Search Tree Explore only an affordable, heuristically
chosen subtree.
Well-Quasiordering Use a sample of the obstruction set.
Color-Coding Use a sample of the hash functions.

The following problem is also fixed-parameter tractable.

THE STEINER PROBLEM FOR GENERALIZED HYPERCUBES
Instance: The input the problem consists of the following pieces of informa-
tion:

1. A set of complete weighted digraphs D; for i = 1,...,n, each described
by a set of vertices V; and a function

t; :VixV,— IN

(We refer to the vertices of D; as character states, to D; as the character
state digraph, and to t; as the state transition cost function for the ith
character.)

2. A positive integer k1 such that |V;| < k; fori=1,...,n.

3. A set X of ks length n vectors z; for j =1, ..., k2, where the ith compo-
nent x;[i] € V;. That is, for j =1, ..., ko,

QijEQ:ﬁVvi
i=1

4. A positive integer M.

Parameter: (ki, k2)
Question: Is there a rooted tree T = (V| E) and an assignment to each vertex
v € V of T of an element y, € {2, such that:

— X is assigned one-to-one to the set of leaves of T,
— The sum over all parent-child edges uv of T', of the total transition cost for
the edge, defined to be

Z ti (yu [Z]a Yo [Z])
i=1
is bounded by M?

Theorem 3.3.2. THE STEINER PROBLEM FOR GENERALIZED HYPERCUBES
18 fixed-parameter tractable.
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Proof. We define an equivalence relation ¢ ~ j on the index space {1,...,n}
that allows us to combine D; and D; and obtain an equivalent smaller in-
stance. In order to define ~ we first define some other equivalences.

Fix m < k; and let [ be an integer edge labeling of the complete digraph
K,, on m vertices. Let v1, ..., v, denote the vertices of K,,. Let T be a rooted
tree with ko leaves labeled from vy, ..., v,. Define the cost of T' with respect
to [ to be the minimum, over all possible labelings s of the internal vertices of
T with labels taken from {vy, ..., v, }, of the sum over the parent-child edges
of T of the transition costs given by [ on the labels, and write this as

cost(T, 1) = ming{cost(T, s,1)}

If [ and I’ are integer edge labelings of K,,, and T is as above, then define
[ ~7 1" if and only if s such that

cost(T, 1) = cost(T, s,1) = cost(T, s,1") = cost(T,1")

and define [ ~ I’ if and only [ ~7 I’ for all such trees T
For i,i" € {1,...,n} define i ~ ¢’ if and only if:

1. |V;| = |Vir| = m so that the only difference between D; and Dy is in their
arc-labelings [ and [/, and
2. 1~1.

The kernelization algorithm can now be described quite simply. Let Z be
an instance of the problem. If there are indices 7 # 4’ for which i ~ ', then
modify Z by combining these into one character state digraph with the state
transition cost function given by the arc-labeling given [ +1’, where these are
the cost functions for D; and D, respectively. Let Z' denote the modified
instance.

The correctness of the reduction to the smaller instance is obvious. We
need only to note that the equivalence ¢ ~ ¢’ can be determined in time
bounded by a function of the parameter and that number of equivalence
classes is similarly bounded by a function of the parameter. a

The parameter function for this simple kernelization-based FPT algorithm
is nearly as discouraging as the one for BREAKPOINT PHYLOGENY. We re-
mark that most of the expense is in determining when two transition digraph
indices ¢ and i’ are equivalent by testing them on all possible trees with ks
leaves. This suggests a heuristic algorithm that combines indices when they
fail to be distinguished by a (much smaller) random sample of trees and
leaf-labelings.

A previous survey described this F'PT result in the context of an encounter
with an evolutionary biologist who reported earlier, rather fruitless interac-
tions with theoretical computer scientists who proved that his problems were
NP-complete and “went away”. We claimed that we were different! and that
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we had a result on one of his computational problems (THE STEINER PROB-
LEM FOR HYPERCUBES) that might be of interest. After we described the
FPT algorithm he said simply [3.27]:

“That’s what I already do!”

Those who design FPT algorithms should keep in mind that their f(k)’s
are only the best they are able to prove concerning a worst-case analysis, and
that their algorithms may in fact be much more useful in practice than the
pessimistic analysis indicates, on realistic inputs, particularly if any nontrivial
kernelization is involved. Furthermore, large parametric costs can also be
systematically mitigated in heuristic adaptations of FPT algorithms. Real
usefulness can only be settled by implementation and experimentation.

3.4 A Critical Tool
for Evaluating Approximation Algorithms

The emphasis in the substantial new industry of research on polynomial-time
approximation algorithms is concentrated on the notions of:

— Polynomial-time constant factor approximation algorithms.
— Polynomial-time approximation schemes.

The connections between the parameterized complexity and polynomial-time
approzimation programs are deep and developing rapidly. Approximation im-
mediately concerns a fundamental parameter: k = 1/¢, the goodness of the
approzximation.

To illustrate the issue, consider the following more-or-less random sample
of recent PTAS results:

— The PTAS for the EUCLIDEAN TSP due to Arora [3.4] has a running time
of around O(n3°%%/¢). Thus for a 20% error, we have a “polynomial-time”
algorithm that runs in time O(n!°%0).

— The PTAS for the MULTIPLE KNAPSACK problem due to Chekuri and
Khanna [3.16] has a running time of O(nu(log(l/e)/eg)). Thus for a 20%
error we have a “polynomial-time” algorithm that runs in time O(n?375000),

— The PTAS for the MINIMUM COST ROUTING SPANNING TREE problem
due to Wu, Lancia, Banfna, Chao, Ravi and Tang [3.53] has a running time
of O(n2[2/ €l ~2). For a 20% error, we thus have a “polynomial” running time
of O(n'®).

— The PTAS for the UNBOUNDED BATCH SCHEDULING problem due to Deng,
Feng, Zhang and Zhu [3.20] has a running time of O(n®1081+<(1+(1/))) Thus
for a 20% error we have an O(n°®) polynomial-time algorithm.

— The PTAS for TWO-VEHICLE SCHEDULING ON A PATH due to Karuno
and Nagamochi [3.36] has a running time of O(n®(1*+(2/9))); thus we have
O(n®®) time for a 20% error.
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— The PTAS for the MAXIMUM SUBFOREST PROBLEM due to Shamir and
Tsur [3.48] has a running time of O(n22 ~1). For a 20% error we thus
have a “polynomial” running time of O(n%8267391),

— The PTAS for the MAXIMUM INDENDENT SET problem on geometric
graphs due to Erlebach, Jansen and Seidel [3.25] has a running time of
O(n¥/mA/E+2*(1/€+1)%) Thus for a 20% error we have a running time of
O(n?32804),

— The PTAS for the CLASS-CONSTRAINED PACKING PROBLEM due to
Shachnai and Tamir [3.47] has a running time of O(n84/¢+(l0a(1/9)/<)) (for
three colors). Thus for a 20% error (for three colors) we have a running
time of O(nt021570),

— The PTAS for the problem of BASE STATION PoOSITIONING IN UMTS
NETWORKS due to Galota, Glasser, Reith and Vollmer [3.28] has a running
time of O(n?/<"), and thus we have O(n%27) time for a 20% error.

— The PTAS for the GENERAL MULTIPROCESSOR JOB SCHEDULING PROB-
LEM due to Chen and Miranda [3.18] runs in time O(n(3mm!)(m/e)+l) for m
machines. Thus for 4 machines with a 20% error we have an algorithm that
runs in time O(n10000000000000000000000000000000000000000000000000000000000000

or so.

Since polynomial-time algorithms with exponent greater than three are
generally not very practical, the following question would seem to be impor-
tant.

Can we get the k = 1/¢ out of the exponent?
The following definition captures the essential issue.

Definition 3.4.1. An optimization problem II has an efficient P-time ap-
proximation scheme (EPTAS) if it can be approximated to a goodness of
(1+€) of optimal in time f(k)n® where ¢ is a constant and k = 1/e.

In 1997, Arora gave an EPTAS for the EUCLIDEAN TSP [3.5], but for
all of the other PTAS’s mentioned above, the possibility of such an improve-
ment remains open, and perhaps not much explored, particularly in terms of
potential W[1]-hardness.

The following easy but important connection between parameterized com-
plexity and approximation was first proved by Bazgan [3.9, 3.13].

Theorem 3.4.1. Suppose that I,y is an optimization problem, and that
Hparam 18 the corresponding parameterized problem, where the parameter is
the value of an optimal solution. Then Il,qram 15 fized-parameter tractable if
Hopt has an efficient PTAS.

Applying Bazgan’s Theorem is not necessarily difficult — we will sketch
here a recent example. Khanna and Motwani introduced three planar logic
problems in an interesting effort to give a general explanation of PTAS-
approximability. Their suggestion is that “hidden planar structure” in the
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logic of an optimization problem is what allows PTASs to be developed [3.37].
They gave examples of optimization problems known to have PTASs, prob-
lems having nothing to do with graphs, that could nevertheless be reduced to
these planar logic problems. The PTASs for the planar logic problems thus
“explain” the PTASs for these other problems. Here is one of their three
general planar logic optimization problems.

PLANAR TMIN

Input: A collection of Boolean formulas in sum-of-products form, with all
literals positive, where the associated bipartite graph is planar (this graph
has a vertex for each formula and a vertex for each variable, and an edge
between two such vertices if the variable occurs in the formula).

Output: A truth assignment of minimum weight (i.e., a minimum number of
variables set to true) that satisfies all the formulas.

The following theorem is recent joint work with Cai, Juedes and Rosa-
mond [3.12].

Theorem 3.4.2. Planar TMIN is hard for W[1] and therefore does not have
an EPTAS unless FPT = W11].

Proof. We show that CLIQUE is parameterized reducible to PLANAR TMIN
with the parameter being the weight of a truth assignment. Since CLIQUE is
W]{1]-complete, it will follow that the parameterized form of PLANAR TMIN
is W[1]-hard.

To begin, let (G, k) be an instance of CLIQUE. Assume that G has n
vertices. From G and k, we will construct a collection C' of FOFs (sum-of-
products formulas) over f(k) blocks of n variables. C' will contain at most
2f(k) FOFs and the incidence graph of C will be planar. Moreover, each
minterm in each FOF will contain at most 4 variables. The collection C' is
constructed so that G has a clique of size k if and only if C' has a weight f(k)
satisfying assignment with exactly one variable set to true in each block of n
variables. Here we have that f(k) = O(k%).

To maintain planarity in the incidence graph for C', we ensure that each
block of n variables appears in at most 2 FOFs. If this condition is maintained,
then we can draw each block of n variables as follows.

U1
(]
U3

Un
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We describe the construction in two stages. In the first stage, we use k
blocks of n variables and a collection C” of k(k —1)/2+ k FOFs. In a weight
k satisfying assignment for C’, exactly one variable v;,j in each block of
variables b; = [v;1,...,v;,] Will be set to true. We interpret this event as
“vertex j is the ith vertex in the clique of size k.” The k(k — 1)/2+ k FOFs

n

are described as follows. For each 1 < ¢ <k, let f; be the FOF \/ v; ;. This
j=1
FOF ensures that at least one variable in b; is set to true. For each pair
1<i<j<k,let f;; bethe FOF \/ v;,v;.,. Each FOF f; ; ensures that
(u,v)EE
there is an edge in G between the ith vertex the clique and the jth vertex in
the clique.

It is straightforward to show that C’ = {f1,..., f&, f1.2,- -, fe—1,k} has
a weight k satisfying assignment if and only if G has a clique of size k. To
see this, notice that any weight k satisfying assignment for C’ must satisfy
exactly one variable in each block b;. Each first order formula f;; ensures
that there is an edge between the ith vertex in the potential clique and the
jth vertex in the potential clique. Notice also that, since we assume that G
does not contain edges of the form (u, u), the FOF f; ; also ensures that the
1th vertex in the potential clique is not the jth vertex in the potential clique.
This completes the first stage.

The incidence graph for the collection C’ in the first stage is almost cer-
tainly not planar. In the second stage, we achieve planarity by removing
crossovers in incidence graph for C’. Here we use two types of widgets to re-
move crossovers while keeping the number of variables per minterm bounded
by four. The first widget Ay consists of & + k — 3 blocks of n variables and
k — 2 FOFs. This widget consists of k — 3 internal and k external blocks of
variables. Each external block e; = [e; 1, ..., ¢e; ] of variables is connected to
exactly one FOF inside the widget. Each internal block i; = [ij1,..., €] is
connected to exactly two FOFs inside the widget. The k — 2 FOFs are given

n

as follows. The FOF f,1is \ e1 jes ji1 ;. For each 2 <[ <k — 3, the FOF
j=1

n
fa,l = \/;»L:1 ilfl’j61+1’jil’j. Finally, fa’k,Q = \/ ikfg’jekflﬁjek’j. These k — 2
j=1
FOFs ensure that the settings of variables in each block is the same if there
is a weight 2k — 3 satisfying assignment to the 2k — 3 blocks of n variables.

The widget Ay can be drawn as follows.

g Jle [l e
T B |

Since each internal block is connected to exactly two FOFSs, the incidence
graph for this widget can be drawn on the plane without crossing any edges.
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The second widget removes crossover edges from the first stage of the
construction. In the first stage, crossovers can occur in the incidence graphs
because two FOFs may cross from one block to another. To eliminate this,
consider each edge i, j in K with i < j as a directed edge from 7 to j. In the
construction, we send a copy of block ¢ to block j. At each crossover point
from the direction of block u = [u1,...,u,] and v = [v1,...,v,], insert a
widget B that introduces two new blocks of n variables u; = [ug, ...u1,] and

n n
vy = [v1,...v1,] and a FOF fp = \/ \/ wjuy;vvy,. The FOF fp ensures
i=11=1
that u; and vy are copies of u and]v. Moreover, notice that the incidence
graph for the widget B is also planar.

To complete the construction, we replace each of the original k£ blocks
of n variables from the first stage with a copy of the widget Ax_;. At each
crossover point in the graph, we introduce a copy of widget B. Finally, for each
directed edge between blocks (,7), we insert the original FOF f; ; between
the last widget B and the destination widget Ap_;. Since one of the new
blocks of variables created by the widget B is a copy of block i, the effect of
the FOF f; ; in this new collections is the same as before.

The following diagram shows the full construction when k = 5.

Since each the incidence graph of each widget in this drawing is planar, the
entire collection C of first order formulas has a planar incidence graph.

Now, if we assume that there are c(k) = O(k*) crossover points in stan-
dard drawing of Kj, then our collection has ¢(k) B widgets. Since each B
widget introduces two new blocks of n variables, this gives 2¢(k) new blocks.
Since we have k Ap_1 widgets, each of which has 2(k — 1) —3 = 2k — 5
blocks of n variables, this gives an additional k(2k — 5) blocks. So, in total,
our construction has f(k) = 2c(k) + 2k — 5k = O(k*) blocks of n variables.
Note also that there are g(k) = k(k —1)/2 + k(k — 2) + c¢(k) = O(k*) FOFs
in the collection C.

As shown in our construction C has a weight f(k) satisfying assignment
(i.e., each block has exactly one variable set to true) if and only if the original
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graph G has a clique of size k. Since the incidence graph of C' is planar and
each minterm in each FOF contains at most four variables, it follows that
this construction is a parameterized reduction as claimed. a

In a similar manner the other two planar logic problems defined by
Khanna and Motwani can be shown to be W[1]-hard. PTAS’s for these prob-
lems therefore can never be useful, since the goodness of the approximation
must be paid for in the exponent of the polynomial running time. A PTAS
result alone establishes that an approximation problem is in the parameter-
ized complexity class X P. By analogy, one would not reasonably claim any
practical significance for a demonstration that a problem just belongs to NP.
It would be interesting to sort out which problems with PTAS’s have any
hope of practical approximation, and for which such “good news” (see [3.7]
for a comprehensive survey) is chimerical.

3.5 The Extremal Connection: A General Method
Relating FPT, Polynomial-Time Approximation,
and Pre-Processing Based Heuristics

The toolkit for establishing fixed-parameter tractability includes a num-
ber of mathematically deep methods: well-quasi-ordering, color-coding, and
bounded treewidth — as well as the elementary methods of kernelization
and search trees. Some of these positive methods are very powerful at clas-
sifying problems as fixed-parameter tractable, but are far from any practical
significance (for example, methods based on well-quasiordering). For the pur-
poses of practical algorithm design, reduction to a problem kernel is probably
the single most important contribution to the systematic design of heuris-
tics. This is in some sense a comprehensive connection, since fixzed-parameter
tractability is equivalent to kernelizability as shown by Lemma 3.3.1

There are several points to be noted about kernelization that lead to
important research directions:

(1) Kernelization rules are frequently surprising in character, laborious to
prove, and nontrivial to discover. Once found, they are small gems of
data reduction that remain permanently in the heuristic design file for
hard problems. No one concerned with any application of HITTING SET
on real data should henceforth neglect Weihe’s data reduction rules for
this problem. The kernelization for VERTEX COVER to graphs of mini-
mum degree four, for another example, includes the following nontrivial
transformation [3.24]. Suppose G has a vertex x of degree three that has
three mutually nonadjacent neighbors a,b,c. Then G can be simplified
by: (1) deleting z, (2) adding edges from c to all the vertices in N(a), (3)
adding edges from a to all the vertices in N(b), (3) adding edges from b
to all the vertices in N(c), and (4) adding the edges ab and be. Note that
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this transformation is not even symmetric! The resulting (smaller) graph
G’ has a vertex cover of size k if and only if G has a vertex cover of size k.
Moreover, an optimal or good approximate solution for G’ lifts construc-
tively to an optimal or good approximate solution for G. The research
direction this points to is to discover these gems of smart prepro-
cessing for all of the hard problems. There is absolutely nothing to
be lost in smart pre-processing, no matter what the subsequent phases of
the algorithm (even if the next phase is genetic algorithms or simulated
annealing).

(2) Kernelization rules cascade in ways that are surprising, unpredictable in
advance, and often quite powerful. Finding a rich set of reduction rules for
a hard problem may allow the synergistic cascading of the pre-processing
rules to “wrap around” hidden structural aspects of real input distribu-
tions. Weihe’s train problem provides an excellent example. According
to the experience of Alber, Gramm and Niedermeier with implementa-
tions of kernelization-based FPT algorithms [3.3], the effort to kernelize
is amply rewarded by the subsequently exponentially smaller search tree.
Similar results have also been reported by Moret et al. with respect to
the BREAKPOINT PHYLOGENY problem [3.40].

(3) Kernelization is an intrinsically robust algorithmic strategy. Frequently
we design algorithms for “pure” combinatorial problems that are not
quite like that in practice, because the modeling is only approximate,
the inputs are “dirty”, etc. For example, what becomes of our VERTEX
COVER algorithm if a limited number of edges wv in the graph are special,
in that it is forbidden to include both w and v in the vertex cover? Because
they are local in character, the usual kernelization rules are easily adapted
to this situation.

(4) Kernelization rules normally preserve all of the information necessary
for optimal or approximate solutions. For example, Weihe’s kernelization
rules for the train problem (HITTING SET) transform the original instance
G into a problem kernel G’ that can be solved optimally, and the optimal
solution for G’ “lifts” to an optimal solution for G.

The importance of pre-processing in heuristic design is not a new idea.
Cheeseman et al. have previously pointed to its importance in the context
of artificial intelligence algorithms [3.15]. What parameterized complexity
contributes is a richer theoretical context for this basic element of prac-
tical algorithm design. Further research directions include potential meth-
ods for mechanizing the discovery and/or verification of reduction rules, and
data structures and implementation strategies for efficient kernelization pre-
processing.

Lemma 3.3.1 tells us that a parameterized problem is fixed-parameter
tractable if and only if there is a polynomial-time kernelization algorithm
transforming the input (z, k) into (2/, k') where k' < k and |2/| < g(k') for
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some function g special to the problem. The basic schema is that reduction
rules are applied until an irreducible instance (z’, k') is obtained. At this point
a Kernel Lemma is invoked to decide all those reduced instances 2’ that are
larger than g(k") for the kernel-bounding function g. For example, in the cases
of VERTEX COVER and PLANAR DOMINATING SET, if a reduced graph G’
is larger than g(k") then (G’, k') is a no-instance. In the case of MAX LEAF
SPANNING TREE large reduced instances are automatically yes-instances. (It
is notable that for all three of these problems linear kernelization, g(k) =
O(k), has been established, in all cases nontrivially [3.17, 3.26, 3.2].)

How does one proceed to discover an adequate set of reduc-
tion rules, or elucidate (and prove) a bounding function g(k)
that insures for instances larger than this bound, that the
question can be answered directly?

The technique of coordinatized kernelization is aimed at these difficulties,
and we will illustrate it by example with the MAX LEAF SPANNING TREE
problem. Our objective is to prove:

The Kernel Lemma. If (G = (V,E),k) is a reduced instance of MAX
LEAF SPANNING TREE and G has more than g(k) vertices, then (G, k) is a
yes-instance.

We will prove the Kernel Lemma as a corollary to the following.

The Boundary Lemma. If G = (V, E) is a reduced instance of MAX LEAF
SPANNING TREE that is a yes-instance for k and a no-instance for £+ 1, then
G has at most h(k) vertices.

Let us first verify that the Kernel Lemma follows from the Boundary
Lemma. We will make the mild assumption that our functions g(k) and h(k)
are nondecreasing. Take g(k) = h(k). Suppose (G, k) is a counterexample to
the Kernel Lemma. Then G is reduced, and has more than h(k) vertices, but
is a no-instance, that is, G does not have a spanning tree with at least k
leaves. Let k' < k be the maximum number of leaves in a spanning tree of
G. Then G is a yes-instance for k&’ and a no-instance for &’ + 1. Since k¥’ < k
and h is non-decreasing, G has more than h(k’) vertices, but this contradicts
the Boundary Lemma.

The form of the Boundary Lemma ( ... which still needs to be proved, and
we still need to discover what we mean by “reduced”, and we also need to
identify the particular bounding function h ... ) is conducive to an eztremal
theorem style of argument based on a list of inductive priorities. The proof is
sketched as follows.

Sketch Proof of the Boundary Lemma. The proof is by minimum coun-
terexample. If there is any counterexample, then we can take GG to be one
that satisfies:

(1) G is reduced.
(2) G is connected and has more than h(k) vertices.
(3) G is a no-instance for k + 1.
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(4) G is a yes-instance for k, as witnessed by an t-rooted tree subgraph T' of
G that has k leaves. (We do not assume that T is spanning. Note that if
T has k leaves then it can be extended to a spanning tree with at least
as many leaves.)

(5) G is a counterexample where T" has a minimum possible number of ver-
tices.

(6) Among all of the G,T satisfying (1)—(5), T has a maximum possible
number of internal vertices that are adjacent to a leaf of T

(7) Among all of the G,T satisfying (1)-(6), the quantity >, d(t,1) is
minimized, where L is the set of leaves of T and d(t,!) is the distance in
T to the “root” vertex t.

Then we argue for a contradiction.

Comment. The point of all this is to set up a framework for argument that
will allow us to see what reduction rules are needed, and what g(k) can be
achieved. In essence we are setting up a (possibly elaborate, in the spirit
of extremal graph theory) argument by minimum counterexample — and
using this as a discovery process for the FPT algorithm design. The witness
structure T of condition (4) gives us a way of “coordinatizing” the situation
— giving us some structure to work with in our inductive argument. How
this strucuture is used will become clear as we proceed.

We refer to the vertices of V' — T as outsiders. The following structural
claims are easily established. The first five claims are enforced by condition
(3), that is, if any of these conditions did not hold, then we could extend T
to a tree T' having one more leaf.

Claim 1: No outsider is adjacent to an internal vertex of T.

Claim 2: No leaf of T' can be adjacent to two outsiders.

Claim 3: No outsider has three or more outsider neighbors.

Claim 4: No outsider with 2 outsider neighbors is connected to a leaf of T'.
Claim 5: The graph induced by the outsider vertices has no cycles.

It follows from Claims (1)—(5) that the subgraph induced by the outsiders
consists of a collection of paths, where the internal vertices of the paths
have degree two in G. Since we are ultimately attempting to bound the size
of G, this suggests (as a discovery process) the following reduction rule for
kernelization.

Kernelization Rule 1: If (G, k) has two adjacent vertices u and v of degree
two, then:

(Rule 1.1) If wwv is a bridge, then contract uv to obtain G’ and let k' = k.
(Rule 1.2) If uv is not a bridge, then delete the edge uv to obtain G’ and let
kK =k.

The soundness of this reduction rule is not completely obvious, although
not difficult. Having now partly clarified condition (1), we can continue the
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argument. The components of the subgraph induced by the outsiders must
consist of paths having either one, two, or three vertices.

Because we are trying to efficiently bound the total number of outsiders
(as well as everything else, eventually, in order to obtain the best possible
kernelization bound h(k)), the situation suggests we should look for further
reduction rules to address the remaining possible situations with respect to
the outsiders. This discovery process leads us to the following further kernel-
ization rules.

Kernelization Rule 2: If (G, k) is a (connected) instance of MAX LEAF where
G has a vertex u of degree one, with neighbor v, and where 3z ¢ N(v)
(that is, not every vertex of G is a neighbor of v), then transform (G, k) into
G’ k'), where k = k' and G’ is obtained by:

1

(
(1) deleting u, and
(2) adding edges to make N[v] into a clique.

The reader can verify that this rule is sound: (G, k) is a yes-instance if
and only if (G’, k) is a yes-instance.

Kernelization Rule 3: If (G, k) is a (connected) instance of MAX LEAF where
G has two vertices u and v such that either:

(1) w and v are adjacent, and N[u] = N[v], or
(2) w and v are not adjacent, and N(u) = N(v),

and also (in either case) there is at least one vertex of G not in N[u] U N[v],
then transform (G, k) to (G',k’) where k' = k — 1 and G’ is obtained by
deleting u.

Returning to our consideration of the outsiders, we are now in the situa-
tion that for a reduced graph, the only possibilities are:

(1) A component of the outsider graph is a single vertex having at least two
leaf neighbors in T

(2) A component of the outsider graph is a Ko having at least three leaf
neighbors in T'.

(3) A component of the outsider is a path of three vertices P having at least
four leaf neighbors in T.

The weakest of the ratios is given by case (3). We can conclude that the
number of outsiders is bounded by 3k/4.

The next step is to study the tree T. Since it has k leaves, it has at
most k£ — 2 branch vertices. Using conditions (5) and (6), but omitting the
details, it is argued that: (1) the paths in 7" between a leaf and its parental
branch vertex has no subdivisions, and (2) any other path in T between
branch vertices has at most three subdivisions (with respect to T'). These
statements are proved by various further structural claims (as in the analysis
of the outsider population) that must hold, else one of the inductive priorities
would fail (constructively) — a tree with k + 1 leaves would be possible, or a
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smaller T, or a T' with more internal vertices adjacent to leaves can be devised,
or one with a better score on the sum-of-distances priority (7). Consequently
T has at most 5k vertices, unless there is a contradiction. Together with the
bound on the outsiders in a reduced graph, this yields a g(k) of 5.75k. a

The above sketch illustrates how the project of proving an FPT kernel-
ization bound is integrated with the search for efficient kernelization rules.
But there is more to the story. The argument above also leads directly to
a constant-factor polynomial-time approximation algorithm in the following
way. First, reduce G using the kernelization rules. It is easy to verify that the
rules are approximation-preserving. Thus, we might as well suppose that G is
reduced to begin with. Now take any tree T (not necessarily spanning) in G.
If all of the structural claims hold, then (by our arguments above) the tree
T must have at least n/c leaves for ¢ = 5.75, and therefore we already have
(trivially) a c-approximation. (It would require further arguments, but prob-
ably the approximation factor is much better than c.) If at least one of the
structural claims does not hold, then the tree T' can be improved against one
of the inductive priorities. Notice that each claim is proved (in the kerneliza-
tion argument above) by a constructive consequence. For example, if Claim 1
did not hold, then we can find a tree T’ (by modifying T') that has one more
leaf. Similarly, each claim violation yields a constructive consequence against
one of the inductive priorities in the extremal argument for the kernelization
bound. These consequences can be applied to our original T' (and its succes-
sors) only a polynomial number of times (determined by the list of inductive
priorities) until we arrive at a tree T’ for which all of the various structural
claims hold. At that point, we must have a c-approximate solution.
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Summary.

An experimental comparison of cache aware and cache oblivious static
search tree algorithms is presented. Both cache aware and cache oblivi-
ous algorithms outperform classic binary search on large data sets because
of their better utilization of cache memory. Cache aware algorithms with
implicit pointers perform best overall, but cache oblivious algorithms do
almost as well and do not have to be tuned to the memory block size as
cache aware algorithms require. Program instrumentation techniques are
used to compare the cache misses and instruction counts for implementa-
tions of these algorithms.

4.1 Introduction

The performance of an algorithm when implemented is a function of many
factors: its theoretical asymptotic performance, the programming language
chosen, choice of data structures, the configuration of the target machine,
and many other factors. One factor that is becoming more and more impor-
tant is how well the algorithm takes advantage of the memory hierarchy, its
memory performance. Data to be processed by the algorithm can stored in
different levels of the memory hierarchy: the registers on the processor chip,
first level cache, second level cache, main memory, and secondary memory
on disk. Each successive level of the memory hierarchy is slower and larger
than the preceding level. When a datum is required by the processor it must
be transferred from its current location in the hierarchy to the processor.
Because of the time delay in moving the datum to the processor, typically
surrounding data is also transferred down the memory hierarchy in a block
that contains the required datum. This block transfer amortizes the transfer
time of all the data in the hope that not just the one datum is required,
but that surrounding data will be required soon. Typical block sizes are 1024
bytes from disk to main memory, 32 bytes from main memory to the level two
and level one caches, and four bytes from the level one cache to the registers.

Most algorithms are not designed with memory performance in mind and
probably shouldn’t be. However, there are cases where an algorithm is in the
“inner loop” where good memory performance is necessary. In these cases
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designing for good memory performance is needed to achieve optimal perfor-
mance. It is not difficult to find examples where a “memory sensitive” main
memory algorithm can achieve a 50% reduction in running time over a sim-
ilar “memory insensitive” algorithm. The reduction in running time can be
attributed to the reduction in level two cache misses, where a cache miss is
an access to a datum that is in main memory but not in the level two cache.

In this paper we concentrate on the memory performance of algorithms
where the data resides in main memory and not in secondary memory. In
particular, we examine the classic technique of binary search, an algorithm
to locate an item among a static set of items. Classic binary search is so
well known that it does not need any introduction. However, a quick analysis
shows that its memory performance is poor. Suppose several items can fit
into a memory block. In classic binary search the items are stored in a sorted
array. The query item is compared with the middle item in the array. If it is
equal, the search is completed. If it is smaller, the subarray to the left of the
middle is searched in the same way. If it is larger, the subarray to the right is
searched in the same way. The important point is that in the two latter cases
the next item accessed is likely to be far from the middle of the array, so it is
not in the same memory block. Thus, memory blocks are poorly utilized in
classic binary search. Can binary search’s memory performance be improved?
The answer is a resounding yes, and there are several strategies to do so.

In this paper we examine two strategies for improving the memory per-
formance of binary search. The first is the cache aware approach where items
that are accessed together are stored together in the same memory block.
Knowledge of the memory block size is needed to accomplish this. In this
approach the items can be stored without the use of explicit pointers, but
the layout of the items in memory does not constitute a sorted array. A dis-
advantage of cache aware search is that, because the items are organized into
memory blocks, the algorithm does not achieve the perfect binary splitting
into equal size subproblems. Cache aware algorithms have been studied in a
number of different contexts [4.7, 4.8, 4.5, 4.10].

The second approach to improving the memory performance of binary
search is the cache oblivious [4.9, 4.4, 4.1, 4.2, 4.3] approach where the items
are organized in a universal fashion so that items that are accessed closely in
time are stored near each other. The method is called cache oblivious because
knowledge of the memory block size is not needed to achieve the organiza-
tion. The advantage of the cache oblivious approach is that the organization
of the data yields good memory performance at all levels of the memory hi-
erarchy. One disadvantage of the cache oblivious approach is that it might
not perform as well as the cache aware approach because it cannot take ad-
vantage of knowledge of the memory block size. Another disadvantage of the
cache oblivious approach is that, although items can be accessed without ex-
plicit pointers, the computation to find the next item may be prohibitively
expensive. This means that explicit pointers must be used, which increases
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the memory footprint of the data structure, which may hurt memory perfor-
mance.

We take an experimental approach in comparing cache aware and cache
oblivious search. We first implemented in C classic binary search, cache aware
search, and cache oblivious search. There are two versions of each implemen-
tation, one with implicit pointers and one with explicit pointers. As is nor-
mally done we did execution time studies on a wide range of data set sizes
on several platforms. More interesting is our use of program instrumentation
tools to count the number of machine instructions executed by each program
and to simulate the number of cache misses that occurs for each implemen-
tation. The former metric is called instruction count and the latter metric is
called cache performance. We simulated a direct mapped cache with several
different memory block sizes.

We summarize our main results as:

1. In terms of execution time, both cache aware search with implicit pointers
and cache oblivious search with explicit pointers perform comparably,
and are both significantly faster the classic binary search.

2. Cache aware search with implicit pointers has slightly better cache per-
formance than cache oblivious search with explicit pointers.

3. Cache aware search with implicit pointers has slightly worse instruction
count performance than cache oblivious search with explicit pointers.

In summary, the cache oblivious approach is almost as effective as the cache
aware approach to reducing cache misses for static search and has the advan-
tage that it does not need to be tuned to the memory block size.

4.2 Organization

In Sections 4.3 and 4.4 we present cache aware search and cache oblivi-
ous search, respectively. In Section 4.5 we present the instrumentation tool
ATOM [4.12] and how it is used for measuring cache misses and instruction
counts. In Section 4.6 we present our experimental results. In Section 4.7 we
present our conclusions.

4.3 Cache Aware Search

In this section, we present the cache aware approach for improving memory
performance of binary search. The basic idea is to store in the same memory
block those items that are most likely accessed together in time. In this way
when an item moves from main memory to the cache, other items that are
likely to be accessed soon are moved to the cache in the same block. Hence,
cache misses are avoided. A simple way to achieve this is to use a k-ary tree
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A

Fig. 4.1. Node of a cache aware 4-ary search tree stored in a 32 byte memory block

where a node contains k — 1 items and k pointers to subtrees. To achieve the
effect we want we choose k so that all the items and pointers fit in a memory
block.

There are several ways to implement k-ary trees, one which employs ex-
plicit pointers and one that uses implicit pointers. In the former memory
must be allocated to the pointers, while in the latter the address of the child
of a node is calculated and no storage is wasted on pointers. Suppose that we
know the cache line size is 32 bytes, and assume that an item and a pointer
each occupies four bytes, we can store at most four pointers and three items.
This means that our tree would be a 4-ary tree. Figure 4.1 depicts this ex-
ample.

However, there are still four bytes in the memory block left unused. In
order to make the node cache-align, these four bytes need to be padded
in our structure. Hence, we lose some more memory for padding besides the
memory used for pointers. A big disadvantage of the explicit pointer structure
is the size of its memory footprint is increased by the inclusion of pointers
and padding. An advantage of the explicit pointer structure is the speed in
following pointers rather than calculating them.

Using implicit pointers helps to alleviate memory footprint problem. By
not storing the explicit pointers, we can use the whole memory block to store
keys, so the parameter k is larger. For example, for 32 byte memory block we
now can store eight items instead of three in a memory block and have no
padding. Interestingly, the utilization of the memory blocks for explicit and
implicit pointers is about the same. If binary search is done within a node,
then in the explicit pointer case two items and one pointer are touched most
commonly. In the implicit pointer case three or four items are touched most
commonly. The big win of implicit pointers is that the height of the tree,
which bounds the number of cache misses, is much less.

For a k-ary tree, we layout the nodes in a contiguous piece of memory,
starting from the root node going down, and from left to right for nodes at
the same height. If the nodes are stored in an array, the root is stored at index
0 and the j-th child (1 < j < k) of the node stored at index 7 is stored at
index ik + (k—1)(j + 1). This simple calculation replaces the explicit storage
of pointers. The layout of the nodes of a 3-way cache aware search tree with
implicit pointer is described in Figure 4.2.
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|

root

Fig. 4.2. Memory layout of a 3-way cache aware search tree with implicit pointers

4.4 Cache Oblivious Search

Cache oblivious algorithms operate under the same principles as cache aware
algorithms. Both types of algorithms try to “cluster” data together in mem-
ory so that the locality of memory references is increased. The cache aware
algorithm described above accomplishes this by “clustering” nodes of a binary
search tree into nodes that fit into a memory block. The cache oblivious al-
gorithm described by Prokop [4.9] approximates the same behavior, but does
so without any knowledge of the cache parameters. Figure 4.3 shows how the
cache oblivious algorithm lays out the data in memory to accomplish this.
Given a binary search tree of h (assuming h is a power of 2) levels, the
memory layout algorithm works as follows. Cut the tree in half vertically,
leaving one subtree above the cut and 2"/2 subtrees below the cut, giving a
total of 27/2 41 subtrees all of the same size. The top subtree is then placed

Decomposition

h/2
T

1

Layout in memory

. T T L e T

Fig. 4.3. Cache oblivious search tree decomposition and layout in memory
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Memory block Memory block

[ DN

Subtree

Fig. 4.4. A subtree of memory block size spans at most two memory blocks

in a contiguous block of memory followed by the 2"/2 subtrees from the left
most to the right. The algorithm is then recursively applied to the to the top
subtree followed by the bottom subtrees in left to right order. The algorithm
terminates when it is applied to a subtree of one level, at which point it will
add the single node into the array. As the algorithm recurses through each
of the subtrees, it will eventually reach a tree which will occupy contiguous
memory of size about the same as a memory block. This is similar to the
behavior of the cache aware algorithm, the only difference in the two lay-
outs is that the cache aware algorithm ensures that each “cluster” starts at
the beginning, and spans only one memory block. The cache oblivious algo-
rithm on the other hand cannot ensure that the cluster starts on a memory
block boundary. Instead it guarantees that each cluster will span at most two
memory blocks. This is illustrated below in Figure 4.4.

The cache aware algorithm knows the cache parameters and can therefore
align the array in memory as to ensure that all the clusters are cache aligned.
By virtue of the fact that the cache oblivious algorithm knows nothing of the
cache parameters there is no way for it to ensure that a “cluster” does not
begin somewhere in the middle of a memory block and thus ending in another
memory block. Because of this fact, the cache aware algorithm will inherently
have better cache performance than the cache oblivious algorithm. However,
the cache oblivious algorithm does have the advantage that it does not have to
be “hand tuned” for each cache size. Its properties ensure that each “cluster”
will only span at most two memory blocks no matter the memory block size,
where as the cache aware algorithm must be adjusted for each memory block
size to ensure that its properties hold. As was the case with the cache aware
implementation, the cache oblivious algorithm can be implemented with both
explicit and implicit pointers. Implicit pointers have the benefit of reducing
the memory footprint of a single node, and thus increase the overall cache
performance. However the computation of the implicit pointers at run time
impacts the instruction count of the algorithm and can have a negative effect
on performance.

In recent work Bender et al. [4.2] and Brodal et al. [4.3] have used the
cache oblivious static search tree as the basis of a cache oblivious dynamic
search structures that allow for insertions and deletions. In particular, Bro-
dal et al. have discovered a very elegant and efficient way to calculate the
pointers in the cache oblivious static search tree with implicit pointers. For
our cache oblivious search tree with implicit pointers we use a more compu-
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tation intensive algorithm for computing pointers which is described in the
next paragraph. Hence, our cache oblivious search tree with implicit pointers
have high instruction counts and execution times. This could be remedied by
using the Brodal et al. calculation of pointers.

As described in Figure 4.3, the layout of the cache oblivious search tree
in memory is determined by recursively “cutting” the tree in half height-wise
and placing the nodes in contiguous memory starting with the top half of
the tree. It is not surprising that traversing the tree also involves recursively
cutting the tree. The algorithm works as follows. Initially the algorithm begins
it search at the root of the tree, the first level of the tree, and the initial “cut”
is located at h, where h is the height of the tree. If the number of levels that
separate the current node from the next cut is greater than or equal to two,
a new cut is placed halfway between the current level of the search and the
level of the next cut. If the current node is at the same level as the next
cut an inter-cut traversal is done. Otherwise an intra-cut traversal is done.
This process is repeated at the new node until the search succeeds or fails.
An intra-cut traversal is defined as follows. Let i be the index of the current
node in the search. If the difference between the level of the current node and
the level of the next cut is ¢, where ¢ < 2 the left child of the current node is
located at i+ 1 while the right child is located at i +2¢. An inter-cut traversal
is done in the case that by moving to the next node in the traversal, we cross
over an existing cut. In this case, the next node is located in memory after
all the nodes above the cut and after all the nodes between the cut and the
next cut in the subtrees to the left of the next node. If the number of levels
in the tree above it is d and the number of trees to the left of it is s then j
child (1 < j < 2) of the node indexed at i is located at

(25 4+ — 1)(2¢ = 1) + 29+ — 1.

The quantity 291 — 1 is the number of nodes above the cut and the quantity
2¢ — 1 is the number of nodes in each of the subtrees to the left of the
next node. There are either 2s or 2s 4 1 subtrees to the left of the next node
depending on whether the traversal goes left or right respectively. A stack can
be used to maintain the current cut by simulating the recursive construction
described in Figure 4.3. The values of d and s can be maintained easily and
the value of ¢ can be calculated from the cut value and d.

4.5 Program Instrumentation

Program instrumentation is a general way to understand what an executing
program is doing. Program instrumentation can be achieved automatically or
manually. For example, when a compiler is called with the debugger on, then
the executable code is augmented automatically to allow the user to view val-
ues of variables or other quantities. The semantics of the program should be
the same whether or not the debugger is turned on. Manual instrumentation
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is where the programmer inserts instructions into the source code to measure
some quantity or print out some intermediate values. For this study we em-
ployed the system ATOM [4.12] which enables the user to build customized
tools to automatically instrument and analyze programs that run on DEC
alphas. Other program instrumentation tools that are useful for measuring
memory performance are Cacheprof [4.11] and Etch [4.6].

The programmer provides three pieces of code to ATOM: (i) the unlinked
object code of the program to be instrumented, (ii) instrumentation code
that tells atom what “sensors” to insert into the object code and where to
place them, and (iii) analysis code that processes the sensor data from the
executing program to provide information about the execution. ATOM takes
the three pieces and produces an instrumented program executable. When
the executable is then run, it has the same semantics as the uninstrumented
program, but during the execution the sensors gather data that is processed
by the analysis code. Figure 4.5 gives a picture of the ATOM system. A simple
example of the use of ATOM is an instruction counter. The instrumentation
code inserts an increment-counter instruction after every instruction in the
object code. The analysis code sets the counter to zero initially and outputs
the final count on termination. We employ such an instruction counter in our
study.

A second, more sophisticated example, is a trace driven cache simulator.
In this case the instrumentation code inserts instructions after each load
and store to sense the memory address of the operand. The analysis code is a
cache simulator that takes the address as input and simulates what a memory
system would do with the address. In addition, the analysis code keeps track
of the number of loads and stores to memory and how many accesses are
misses. Figure 4.6 shows the instrumentation code for a cache simulator and
Figure 4.7 shows the analysis code for a very simple one level, direct mapped

Instrumentation Input
code data
Object Instrumented Analysis
code code data
Analysis Output
code data

Fig. 4.5. Schematic of the ATOM system
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Instrument () {
Proc *p; Block *b; Inst *i;
AddCallProto("LoadReference (VALUE)");
AddCallProto("StoreReference (VALUE)");
AddCallProto("PrintResults()");
for (p = GetFirstProc(); p != NULL; p = GetNextProc(p)) {
for (b = GetFirstBlock(p); b != NULL; b = GetNextBlock(b)) {
for (i = GetFirstInst(b); i !'= NULL; i = GetNextInst(i)) {
if (GetInstClass(i) == ClassLoad ||
GetInstClass(i) == ClassFload) {
AddCallInst(i,InstBefore,"LoadReference" ,EffAddrValue);
xs}
if (GetInstClass(i)== ClassStore ||
GetInstClass(i)== ClassFstore) {
AddCallInst(i,InstBefore,"StoreReference" ,EffAddrValue);
¥
¥
}
}
}
AddCallProgram(ProgramAfter, "PrintResults");
}

Fig. 4.6. Instrumentation code for a trace driven cache simulator

cache simulator. We used a trace driven cache simulator similar to this one
for our study.

In the instrumentation code, Figure 4.6, the nested for loops identify
each procedure in the object code, then each basic block within the proce-
dure, then each instruction within the basic block. If the instruction is a
load, then code is inserted before the instruction which calls LoadReference
in the analysis code passing EffAddrValue, the operand, as a parameter.
If the instruction is a store, then code is inserted before the instruction
which calls StoreReference in the analysis code passing EffAddrValue, the
operand, as a parameter. At the end of the program code is inserted which
calls PrintResults.

The analysis code implements a direct mapped cache with size CACHE_SIZE
in bytes and block size BLOCK_SHIFT in bits. The analysis code maintains the
array tags which stores the memory addresses that currently reside in the
cache. In addition it maintains counters for the number of load and store
references and load and store misses. For our study we use a similar cache
simulator, but we add the load and store values into one value for both
references and misses. We chose to simulate a one level cache because the
cache miss penalty for the level two cache is typically much greater than
that for the level one cache. Having just one number representing the cache
performance is reasonable compromise considering that level one cache misses
tend to have a low order effect on performance on large data sets.

ATOM is a powerful tool but it must be used properly to obtain accurate
results. First, the analysis code is interleaved with the code to be analyzed.
This means that the instrumented code can be considerably slower than the
uninstrumented code. This is not a serious problem with either instruction
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void generalreference(long address, int isLoad) {
int index = (address & (CACHE_SIZE-1)) >> BLOCK_SHIFT;
long tag = address >> (BLOCK_SHIFT + INDEX_SHIFT);
int returnval;

if (tags[index] != tag) {
if (isLoad){
loadmisses++;
tags[index] = tag;

else {
storemisses++

}

if (isLoad) {
loadreferences++;
}
else {
storereferences++;
}
}
void LoadReference(long address) {
generalreference(address, 1);
}
void StoreReference(long address) {
generalreference(address, 0);

}

Fig. 4.7. Analysis code for a trace driven cache simulator for a one level, direct
mapped cache

counting or cache simulation because the analysis code is quite efficient. For
cache simulation it is important not to use dynamic memory in the analysis
code. Use of dynamic memory would cause a difference in the addresses used
by the instrumented and uninstrumented codes, and distort the results. This
is not a problem in our case because we used static memory to allocate the
tags array and counters. Finally, the trace driven cache simulator is just
that. It does not measure cache misses caused by swapping, TLB misses, or
instruction cache misses.

4.6 Experimental Results

In order to better understand the alternative static search algorithms we
implemented in C six algorithms: classic binary search, cache aware search,
and cache oblivious search each with explicit and implicit pointers versions.
All studies were for data sets the range from 128 to 2,097,152 and for larger
data sets when possible. All items and pointers used are four bytes. In order to
compare our static search algorithms we employed program instrumentation
for trace driven cache simulation and instruction counts. These studies were
done using ATOM on a Compaq Alpha 21164. In addition, we performed two
execution studies one on Windows and one on Linux. In Table 4.6 we list the
computer configurations and compilers. All the caches in the two platforms
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Table 4.1. Computer configurations and compilers used in the execution time
studies

| || Windows | Linux |

Operating || Windows 2000 “Professional” | Linux Mandrake 7.2
System

Processor || 533 MHz Intel Celeron 350 MHz Intel Pentium II
Memory || 64 MB 128 MB

Memory Block || 32 B 32 B

L2 Cache || 128 KB 512 KB

L1 Cache || 32 KB 32 KB

Compiler || MSVC 6.0 gee 2.95.2
Options || Release Build Highest Option | -O3 (highest setting)

are 4-way set-associative and all block sizes are 32 bytes. In all the studies
each data point represents the median of ten trials where a trial consisted of
n random successful lookups where n is the number of items. The median of
ten is computed as the average of the fifth and sixth ranked trials to avoid
the effect of outliers. For a given n, the ten measured trials were preceded by
n unmeasured successful lookups to warm up the cache.

Figure 4.8 gives the results a cache simulation using ATOM where we
simulated a direct mapped cache of size 8,192 bytes and a memory block size
of 32 bytes. In the z-axis we plot the number of items on a log scale and in
the y-axis we plot the number of cache misses. We see that the cache aware
search with implicit pointers has the fewest cache misses, while classic binary
search has the most. All the algorithms that use implicit pointers have fewer
cache misses than their explicit pointer counterparts showing the effect of
the larger memory footprint for the explicit pointers. Most important is that
both cache oblivious and cache aware search algorithms have much better
memory performance than classic binary search.

Figure 4.9 gives the results of instruction counting using ATOM for the
algorithms. In the x-axis we plot the number of items on a log scale and in
the y-axis we plot the number of Compaq Alpha 21164 instructions executed
per lookup. We see immediately the high price in instruction count that is
paid for our version of cache oblivious search with implicit pointers. The
instruction count penalties for implicit pointers for classic binary search and
cache aware search are small. The explicit pointer versions of classic binary
search and cache oblivious search execute the fewest instructions per lookup.
Cache aware search with explicit pointers has slightly more instructions per
lookup because it does not achieve perfect binary splitting into equal size
subproblems.

In our execution time studies shown in Figures 4.10 and 4.11 in the z-axis
we plot the number of items on a log scale and in the y-axis we plot the time
per lookup measured in microseconds. Each trial was measured using time.h
from the Standard C library.
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Figure 4.10 gives the results of an execution time study using Windows.
Cache aware search with implicit pointers is the fastest, but cache oblivious
search with explicit pointers is not far behind. Cache oblivious search with
implicit pointers is the slowest of all because of the high cost of computing

pointers.

Figure 4.11 gives the results of an execution time study using Linux.
Again, cache aware search with implicit pointers is the fastest, but cache
oblivious search with explicit pointers is not far behind. Again, cache oblivi-
ous search with implicit pointers is the slowest of all because of the high cost
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Execution Time on Windows for Static Search Trees
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Fig. 4.10. Execution time on Windows for static search algorithms

of computing pointers. Inexplicably, cache aware search with explicit pointers
showed consistently poor performance under Linux. We looked at a number
of possible causes for the poor performance but were not able to pin down a
reason for it. We believe that the Linux behavior perhaps demonstrates the
perils of cache aware programming. The cache oblivious algorithms performed
consistently on both platforms.

4.7 Conclusion

Both cache aware and cache oblivious search perform better than classic
binary search on large data sets. Cache aware search algorithms have the
disadvantage that they require knowledge of the memory block size. Cache
oblivious search algorithms have only slightly worse memory performance
than cache aware search, but in our study only the explicit pointer version
of oblivious search has comparable overall performance. As mentioned earlier
Brodal et al. [4.3] have found a way to compute the implicit pointers efficiently
in the cache oblivious algorithm. The cache oblivious search algorithms do
not require knowledge of the memory block size to achieve good memory
performance. Finally, program instrumentation tools like ATOM let us obtain
a deeper understanding of the performance of these algorithms.
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Summary.

In the analysis of algorithms we are interested in obtaining closed form
expressions for algorithmic complexity, or at least asymptotic expressions
in O(-)-notation. It is often possible to use experimental results to make
significant progress towards this goal, although there are fundamental rea-
sons why we cannot guarantee to obtain such expressions from experiments
alone. This paper investigates two approaches relating to problems of de-
veloping theoretical analyses based on experimental data.

We first consider the scientific method, which views experimentation
as part of a cycle alternating with theoretical analysis. This approach has
been very successful in the natural sciences. Besides supplying preliminary
ideas for theoretical analysis, experiments can test falsifiable hypotheses
obtained by incomplete theoretical analysis. Asymptotic behavior can also
sometimes be deduced from stronger hypotheses which have been induced
from experiments. As long as complete mathematical analyses remains elu-
sive, well tested hypotheses may have to take their place. Several examples
are given where average complexity can be tested experimentally so that
support for hypotheses is quite strong.

A second question is how to approach systematically the problem of in-
ferring asymptotic bounds from experimental data. Five heuristic rules for
“empirical curve bounding” are presented, ogether with analytical results
guaranteeing correctness for certain families of functions. Experimental
evaluations of the correctness and tightness of bounds obtained by the
rules for several constructed functions and real datasets are described.

5.1 Introduction

The complexity analysis of algorithms is one of the core activities of computer
scientists, especially in the branch of theoretical computer science known as
algorithmics. The ultimate goal would be to find closed form expressions
for the runtime (or other measures of resource consumption), in terms of

* Partially supported by the IST Programme of the EU under contract number
IST-1999-14186 (ALCOM-FT).

R. Fleischer et al. (Eds.): Experimental Algorithmics, LNCS 2547, pp. 93-126, 2002.
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input parameters of interest. Since this is usually too complicated, we are
often content with asymptotic expressions for the worst case performance
depending on a small number of input parameters like problem size, which
are usually presented in O(-)-notation. Even this task can be very difficult so
it is important to use all available tools.

In this paper we investigate the empirical version of this primary activity
— how to use finite experimental data to shed insight on universal asymptotic
properties of algorithms. We illustrate both the promise and the difficulties
inherent in the use of experiments to suggest, support, and refute hypotheses
about asymptotic behavior. Experimental data can be employed for asymp-
totic analysis both indirectly — for example, in support of conjectures neces-
sary to theoretical arguments; and directly, by extrapolation of trend data
beyond the range of experimentation. In the latter scenario, we consider a
specific problem, which we call empirical curve-bounding: given a set of data
points (N;,Y;) obtained from an experiment in which Y; = f(1V;), for some
unknown function f(n), find complexity classes O(g,,(n)) and/or 2(g;(n)) to
which f(n) belongs.

This paper has two goals. The first is to show how, with some care, it is
possible to obtain good insights about asymptotic trends, based on analyses
of data obtained from experiments. One way to make the meaning of “some
care” more precise is to apply the terminology of the scientific method [5.31].
The scientific method views science as a cycle between theory and practice.
Theory can inductively or (partially) deductively! formulate falsifiable hy-
potheses which can be tested by experiments. The results may then yield
new or refined hypotheses. This mechanism is widely accepted in the natural
sciences and is often viewed as a key to the success of these disciplines. We
present four examples of ways in which the scientific method can be applied
to the use of experimentation to advance the goals of asymptotic algorithm
analysis, using problems in parallel disk scheduling, random polling, shellsort,
and randomized process allocation.

The second goal is to evaluate a collection of curve-bounding techniques,
in order to identify their practical limitations. Unfortunately, no data analysis
method for inferring asymptotic trends in data can be guaranteed correct for
all data sets: to see this, note that for any finite vector of problem sizes,
there are functions of arbitrarily high degree that are indistinguishable from
the constant function ¢ at those problem sizes. Therefore any algorithm for
this problem must be regarded as a heuristic that sometimes fails. We desire
robust heuristics that produce correct bound estimates (or clear indications
of failure) for broad classes of functions and for functions that tend to arise
in practice.

We describe five simple heuristics (or rules) for curve bounding, and a
hybrid rule that handles some specific pathologies. For each of the five rules,

1 . . . .
Inductive reasoning draws general conclusions from specific data whereas deduc-
tive reasoning draws specific conclusions from general statements.
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we present analytical results guaranteeing correctness for certain families of
functions. Then, using a variety of algorithmic data sets, we evaluate the
rules in “typical” and in near-pathological situations. Negative results con-
cerning two plausible rules that turned out to have high failure rates are also
presented.

In our informal and designed experiments with little or no random noise
in the data, all the rules generally provide correct asymptotic bounds that
are within about a /n factor of the true asymptotic bound. The reliability
of the rules deteriorates, however, in the presence of random variation in
the data, and/or when too-large constants or negative coefficients appear in
second-order terms. Fortunately it is usually easy in algorithmic problems to
reduce the noise problem by taking more experiments or applying variance
reduction techniques during experimentation. It is of course possible to reduce
the effect of large second-order terms by taking larger problem sizes, but the
rules can be slow to respond to this type of change. A hybrid diagnostic
method described in Section 5.6 can be used with success on such problems.

This explicit study of techniques for curve-bounding appears to be com-
pletely new. We can find no techniques in the statistical and data analysis
literature specifically designed for finding asymptotic bounds on data, al-
though much is known about fitting curves to data. As we shall demonstrate,
good algorithms for curve fitting are not always best for curve bounding, and
vice versa.

The importance of experiments in algorithm design and analysis has
gained much attention in the past decade. New workshops (ALENEX, WAE)
and journals (ACM Journal of Experimental Algorithmics) have been in-
stalled, and established conferences (e.g., SODA, ESA) explicitly call for
experimental work. Several articles [5.4], [5.19], [5.27], [5.28]) present guide-
lines for performing experiments on algorithmic research problems, and one
book [5.12] presents methods of data analysis in the context of experimen-
tation on heuristic algorithms. Using the scientific method as a basis for
algorithmics was proposed by Hooker [5.17], but similar ideas concerning ex-
perimental computer science in general can also be found in other papers
[5.14, 5.15, 5.3, 5.37, 5.16, 5.23, 5.29, 5.41].

Section 5.2 reviews the main difficulties in experimental algorithmics and
explains how to partially solve them. Section 5.3 gives several concrete exam-
ples of using experimental results to suggest, support, or to falsify hypotheses
about algorithmic performance. The algorithms presented in this section are
randomized, with expected resource consumption dependent only on input
size so that many repeated experiments give us rather accurate information
on average behavior. On the other hand, all the algorithms are nontrivial to
analyze analytically. It turns out that in this situation the scientific method
with a close, problem specific interaction between theoretical and experi-
mental reasoning yields quite accurate insight on the asymptotic behavior of
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the algorithm. For example, in Section 5.3.2 we are able to resolve even an
additive O(loglogn) term.

We then turn to a systematic evaluation of rules for the empirical curve-
bounding problem. Section 5.4 presents each rule R, together with a “justi-
fication” that describes a class of functions for which the rule is guaranteed
correct. Section 5.5 presents an empirical study of the rules using data sets
from constructed parameterized functions. We observe that some rules are
sensitive to large lower order terms and some to random noise, and some to
both. Most of the rules are surprisingly unresponsive to changes in the largest
problem size. One rule produces bounds that are rarely incorrect and rarely
tight. A second collection of data comes from eight experimental studies of
algorithms, to assess performance on “typical” algorithmic problems. In three
cases there is at least a logarithmic gap in known analytical bounds, and we
show how the rules can (and cannot) be used to support conjectures that
tighten the gaps.

Section 5.4 assumes some familiarity with data analysis terms such as
correlation coefficient, least-squares regression, and residuals, which may be
found in any introductory statistics textbook. For introductions to the curve-
fitting methods adapted here for curve-bounding, see Atkinson [5.1], Cohen
[5.12], Chambers et al. [5.11], Rawlins [5.33], or Tukey [5.42]. Algorithms
for domain-independent function finding [5.36] might be adapted to curve
bounding but are not considered here.

Finally, Section 5.7 discusses the role of the scientific method in the con-
text of experimental analysis of data and summarizes our observations about
curve-bounding rules.

We emphasize that this work represents a small initial investigation of
a potentially large research area. This paper only scratches the surface of a
related important methodological topic, namely how to perform experiments
on algorithms, and how to evaluate the confidence in our findings statistically.
Our analyses are far from complete, and we do not consider here many in-
teresting methodological and statistical questions, function classes, function
parameters, rule variations, or multivariate problems.

In specific examples, we mostly consider cases where it is of interest to
bound the complexity of algorithms for inputs of size n, using functions of the
single parameter n. Later sections emphasizing data analysis use the symbol
x in place of n, to refer to the “control parameter” in the experiment, but
again we assume that only one such control parameter is present. Issues of
experimentation with combinations of control parameters is outside the scope
of this paper.

Of course, many problems in experimental evaluation include combina-
tions of parameters (such as problem size n, graph density d, and algorithm
tuning parameter p). But these problems can sometimes be studied by vary-
ing each parameter in turn while holding others fixed.
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5.2 Difficulties with Experimentation

There is no question that experimental analysis of algorithms presents several
fundamental problems to the researcher. Some of the major difficulties are
surveyed in this section.

Too Many Inputs. Perhaps the most fundamental problem with algorith-
mic experimentation is that we can rarely test all possible inputs, even for
bounded input size, because there are usually exponentially (or infinitely)
many of them. In application-oriented research this problem may be miti-
gated by collections of test instances which are considered “typical”.? For
example, there is a large class of oblivious algorithms where the execution
time only depends on a small number of parameters like the input size, for
example, matrix multiplication. Although many oblivious algorithms are easy
to analyze directly, experiments can sometimes help. Furthermore, there are
algorithmic problems with few inputs. For example, the locality properties of
several space filling curves were first found experimentally and then proven
analytically. Later it turned out that a class of experiments can be systemat-
ically converted into theoretical results valid for arbitrary curve sizes [5.30].

But in most cases there are far too many instances to allow exhaustive
testing. In these situations, our rich statistical understanding of random sam-
pling makes algorithm randomization and average case analyses most impor-
tant for experimentation. Randomization can be used to convert a hypothesis
about “all instances” into one about behavior “on average,” for which exper-
imental approaches are most suited. For example, every sorting algorithm
which is efficient on average can be transformed into an algorithm for worst-
case instances by permuting the inputs randomly. In this case, a few hundred
experimental trials with random inputs can give a reliable picture of the ex-
pected performance of the algorithm for inputs of a given size. On the other
hand, closed form analyses of randomized algorithms can be very difficult
to obtain. For example, the average performance of randomized Shellsort has
been open for a long time [5.38]. Section 5.3.3 presents an experimental study
of Shellsort.

Unbounded Input Size. Another problem with experiments is that we can
only test a finite number of input sizes. As a result, no inference about asymp-
totic behavior is reliable. For example, assume we observe that some sorting
algorithm needs an average of C(n) < 3nlogn comparisons® for n < 10° ele-
ments. We cannot claim that C'(n) < 3nlogn as a theorem, since quadratic
behavior might set in for n > 42 - 105. Here, the scientific method partially
saves the situation. We can formulate the hypothesis C'(n) < 3nlogn, which
is scientifically sound since it can be falsified by presenting an instance of size
n with C(n) > 3nlogn.

2 For example, a list with 23 collections of problem instances can be found under
http://mat.gsia.cmu.edu/Resources/Problem_Instances/
3 Throughout this paper log z stands for the base two logarithm log, .
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Note that not every sound hypothesis is a good hypothesis. For ex-
ample, we would be cowardly to change the above hypothesis to C(n) <
100000n logn, since it would be difficult to falsify it even if it later turns
out that the true bound is C'(n) = nlogn + 0.1nlog? n. Issues like accuracy,
simplicity, and generality of hypotheses also arise in the natural sciences and
should not be obstacles to the use of the scientific method here.

O(:)-s are not Falsifiable. The next problem is that an asymptotic ex-
pression cannot be used directly in formulating a scientific hypothesis since
it could never be falsified experimentally. For example, if we claim that a
certain sorting algorithm needs at most C(n) € O(nlogn) comparisons it
cannot even be falsified by a set of inputs which clearly indicate quadratic
behavior, since we could always claim that this quadratic development would
stop for sufficiently large inputs. This problem can be solved by formulating
a hypothesis which is stronger than the asymptotic expression we really have
in mind. The hypothesis C'(n) < 3nlogn used above is a trivial example. A
less trivial example is given in the study of Shellsort in Section 5.3.3.

Complexity of the Machine Model. Although the actual execution time
of an algorithm is perhaps the most interesting subject of analysis, this mea-
sure of resource consumption is often difficult to model by closed form ex-
pressions. Caches, virtual memory, memory management, compilers, and in-
terference from other processes all influence execution time in ways that are
difficult to predict.* At some loss of accuracy, this problem can be solved by
counting the number of times a certain set of source code operations (which
cover all the inner loops of the program) is executed. This count often suffices
to capture the asymptotic behavior of the code in a machine-independent way.
For example, for comparison-based sorting algorithms it is usually sufficient
to count the number of key comparisons.

Finding Hypotheses. Except in very simple cases, it is almost impossi-
ble to guess exactly an appropriate formula for a worst case performance,
given only measurements, even when the investigated resource consumption
only depends on input size. For example, the measured function may be non-
monotonic but we are only interested in a monotonic upper bound. There are
often considerable contributions of lower order terms for small inputs. Indeed
our experience described in later sections shows that simple fitting methods
sometimes just won’t work, especially if we are interested in fine distinctions
like logarithmic factors.

In some cases the scientific method can help to mitigate this difficulty
by applying problem-specific information to the study. We may be able to
handle a related or simplified version of the system analytically, or we can

4 Remember that the above is also an argument in favour of doing experiments
because the full complexity of the hardware is difficult to model theoretically.
We only mention it as a problem in the current context of inducing asymptotic
expressions from experiments.
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make “heuristic” steps in a derivation of a theoretical bound. Although the
result is not a theorem about the target system, it is good enough as a
hypothesis about its behavior in the sense of the scientific method. Section
5.3 gives several examples of this powerful approach which so far seems to be
underrepresented in algorithmics.

5.3 Promising Examples

Our first example in Section 5.3.1 can be viewed as the traditional use of ex-
periments as a method to generate conjectures on the behavior of algorithms
— but it has an additional interpretation in the sense that experiment plus
theory (on a less attractive algorithm) yields a useful hypothesis. Section 5.3.2
gives an example in the same category but using a less well known approach.
Rather than simplifying the algorithm, we simplify the analysis by mak-
ing simplifying assumptions (independence) in the middle of the derivation.
The resulting bound has the status of a theory in the sense of the scientific
method and is then validated by simulation. Sections 5.3.3 and 5.3.4 touch
on the difficult question of how to use experiments to learn something about
the asymptotic complexity of an algorithm. Finally Section 5.3.4 is a good
example how experiments can suggest that an analysis can be sharpened.

5.3.1 Theory with Simplifications:
Writing to Parallel Disks

Consider the following algorithm, EAGER, for writing D randomly allocated
blocks of data to D parallel disks. EAGER is an important ingredient of a
general technique for scheduling parallel disks [5.35]. We maintain one queue
Q; for each disk. The queues share a buffer space of size W € O(D). We
first put all the blocks into the queues and then write one block from each
nonempty queue. When the sum of the queue lengths exceeds W, additional
write steps are invested. We have no idea how to analyze this algorithm.
Therefore, in [5.35] a different algorithm, THROTTLE, is proposed that only
admits (1 — €)D blocks per time step to the buffers. Then it is quite easy to
show using queuing theory that the expected sum of the queue lengths is
close to D/(2¢). Further, it can be shown that the sum of the queue lengths
is concentrated around its mean with high probability so that a slightly larger
buffer suffices to make waiting steps rare.®

Still, in many practical situations EAGER is not only simpler but also
somewhat more efficient. Was the theoretical analysis futile and misguided?
One of the reasons why we think the theory is useful is that it suggests a nice
explanation of the measurements shown in Fig. 5.1. It looks like 1 — D /(2WW)

5 The current proof shows that W € O(D/e) suffices but we conjecture that this
can be sharpened considerably using more detailed calculations.
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Fig. 5.1. Inefficiency (i.e., 1—efficiency) of EAGER. N = 10° - D blocks were
written

is a lower bound for the average efficiency of EAGER and a quite tight one
for large D. This curve was not found by fitting a curve but by the theoretical
observation that algorithm THROTTLE with e = D/(2W') would have buffer
requirement about W.

More generally speaking, the algorithms we are most interested in might
be too difficult to understand analytically. In such cases it makes sense to
analyze a related and possibly inferior algorithm, and to use the scientific
method to develop theoretical insights about the original algorithm. In the
next Section we see that rather than simplifying the algorithm we can also
simplify the analysis and achieve a similar effect — a theory in the sense of
the scientific method.

5.3.2 “Heuristic” Deduction: Random Polling

Let us consider the following simplified model for the startup phase of random
polling dynamic load balancing [5.21, 5.9, 5.34] which is perhaps the best
available algorithm for parallelizing tree shaped computations of unknown
structure: There are n processing elements (PEs) numbered 0 through n — 1.
At step t = 0, a random PE is busy while all other PEs are idle. In step ¢, a
random shift k € {1,...,n — 1} is determined and the idle PE with number
i asks PE i 4+ k mod n for work. Idle PEs which ask idle PEs remain idle; all
others are busy now. How many steps T" are needed until all PEs are busy?
A trivial lower bound is T > logn steps since the number of busy PEs can
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Fig. 5.2. Number of random polling steps to get all PEs busy: Hypothesized upper
bound, lower bound and measured averages with standard deviation

at most double in each step. An analysis for a more general model yields an
E[T] € O(logn) upper bound [5.34].

We will now argue that there is a much tighter upper bound of E[T] <
logn + loglnn + 1. We start with a theoretical analysis and get stuck half
way. We then make a simplifying assumption (independence) that allows us to
complete the analysis. The hypothesis generated in this way is then validated
experimentally.

Define the 0/1-random variable X;, to be 1 iff PE 4 is busy at the be-
ginning of step k. For fixed k, these variables are identically distributed and
P[Xip=1=1-1/n.Let Uy =), _,, Xir. We have

E(Uy) =E()_Xi) => PlXy =1] =nP[X;, = 1].
<n <n
Since the X;; are not independent even for fixed k, we are stuck with this
line of reasoning. However, if we (falsely) assume independence, we get

1
TPk = 0] = P[Xa = 0%,

P[Xi,k.l,_l = O] = P[Xik' = O]Z n —

J#i
and, by induction,
P[Xu=0=(1—1/n)2" <e2"/n.

Therefore, E(Ug) > n(1—e~2"/") and for k = logn+loglnn, E(Uy) > n—1.
One more step must get the last PE busy.
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We have tested the hypothesis by simulating the process 1000 times for
n =2 and j € {1,...,16}. Fig. 5.2 shows the results. On the other hand,
the measurements do exceed logn + loglnn. We conjecture that our results
can be verified using a calculation which does not need the independence
assumption.

5.3.3 Shellsort

Shellsort [5.39] is a classical sorting algorithm which has been widely studied.
Given an increasing integer sequence of offsets h; with hg = 1, the following
pseudo-code describes Shellsort.

for each offset hy in decreasing order do
for j := hy to n step hy do

x := datalj]

1= j - hk

while i > 0 A z <data[i] do
datali + hy] := datali]
1 =1 — hk-

od

datali + hy] = x

Despite its long history, Shellsort still poses several open problems. For ex-
ample, let T'(n) denote the average number of key comparisons performed
by Shellsort for n inputs. It is unknown whether there is an offset se-
quence which yields a sorting algorithm with T(n) € O(nlogn) or even
one with T'(n) € o(nlog®n) [5.38, 5.18]. It is known that any algorithm with
T(n) = O(nlogn) must use O(logn) offsets [5.18]. Previous experiments
with many carefully constructed offset sequences led to the conjecture that
no sequence yields T'(n) close to O(nlogn) [5.45].

Motivated by the successful use of randommness for sorting networks
[5.22, Section 3.5.4] where no comparably good deterministic alternatives
are known, we asked ourselves whether random offsets might work well for
Shellsort. For our experiments we used offsets which are the product of ran-
dom numbers. The situation now is more difficult than in Section 5.3.2 where
the theory gave us a very accurate hypothesis. Now we have little information
about the dependence of the performance on n. Still, we should put the little
things we do know into the measurements. First, by counting comparisons
we can avoid the pitfalls of measuring execution time directly. Furthermore,
we can divide these counts by the lower bound log(n!) ~ nlogn—n/In(2) for
comparison based sorting algorithms. The difficult part is to find an adequate
model for the resulting quotient plotted in Fig. 5.3. According to the conjec-
ture in [5.45] the quotient should follow a power law. In a semilogarithmic
plot this should be an exponentially growing curve. So this conjecture is not
a good model at least for realistic n (also remember that Shellsort is usually
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Fig. 5.3. Ratio of the average number of key comparisons of random offset Shellsort
compared to the information theoretic lower bound log(n!). We used h; := |hi—1 -
fi + 1] where f; is a random factor from the interval [0,4]. Averages are based on
1000 repetitions for n < 22 and 100 repetitions for larger inputs

not used for large inputs). A sorting time of O(nlog®n) for any constant
a > 1 would result in a curve converging to a straight line in Fig. 5.3. Indeed,
the curve gets flatter and flatter and its inclination might even converge to
Z€ero.

We might be tempted to conjecture that T'(n) = O(nlog't*™M n). But
we must be careful here, because assertions like “T'(n) = O(f(n))” or “the
inclination of g(n) converges to zero” are not experimentally falsifiable.

5.3.4 Sharpening a Theory: Randomized Balanced Allocation

Consider the following load balancing algorithm known as random allocation:
m jobs are independently assigned to n processing elements (PEs) by choosing
a target PE uniformly at random. Using Chernoff bounds, it can be seen that
the maximum number of jobs assigned to any PE is

Imax = m/n + O(\/ (m/n) IOg n + IOg TL)
with high probability (whp). For m = n,
Imax = ©O(log(n)/loglogn)

whp can be proven.
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Fig. 5.4. Excess load for randomized balanced allocation as a function of n for
different n. The experiments have been repeated at least sufficiently often to reduce
the standard error o/+/repetitions [5.32] below one percent of the average excess
load. In order to minimize artifacts of the random number generator, we have used a
generator with good reputation and very long period (2'9937 —1)[5.24]. In addition,
we have repeated some experiments with the Unix generator srand48 leading to
almost identical results

Now consider the slightly more adaptive approach called balanced random
allocation. Jobs are considered one after the other. Two random possible
target PEs are chosen for each job and the job is allocated on the PE with
lower load. Azar et al. [5.2] have shown that

Imax = O(m/n) + (1 4+ o(1)) loglnn

whp for m = n. Interestingly, this bound shows that balanced random al-
location is exponentially better than plain random allocation. However, for
large m their methods of analysis yield even weaker bounds than that for
plain random allocation. Fig. 5.4 shows that a simple experiment predicts
that Lax —m/n cannot depend much on m. Recently® Berenbrink et al. [5.8]
have published a proof (using quite nontrivial arguments) that indeed,

Imax = m/n+ (1 + o(1)) logInn.

Our experiments were done before the theoretical solution. For other ex-
amples, we could have picked one of the other open problems in the area of
balls into bins games. For example, Vocking [5.43] recently proved that an

S After our experiments were done.
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asymmetric placement rule for breaking ties can significantly reduce ly,,x for
m = n but nobody seems to know how to generalize this result for general m.

5.4 Empirical Curve Bounding Rules

We now develop several heuristic rules for finding asymptotic trends in data
sets. To emphasize the general applicability of these techniques of data anal-
ysis, and to achieve some notational compatibility with related works in data
analysis, we use the symbol x rather than n to refer to the parameter that is
controlled during experimentation.

We begin with some notation and a precise specification of the prob-
lem. The cost of algorithm A is described by an unknown exact function
f(z), where z may denote problem size. An experiment produces a pair
of vectors X,Y such that Y[i] = F(X[i]); in cases with randomized in-
puts and/or randomized algorithms, the experiment produces X, Y such that
E(Y[i]) = f(X[i]) (that is, f is a function describing the average behavior of
the algorithm). By convention, the vector X is assumed to contain k distinct
nonnegative values arranged in increasing order.

The complexity class O(g(z)) denotes a set of functions: we have f(z) €
O(g(x)) if there exist positive constants ¢, x, such that 0 < f(z) < c,g(x)
for all x > x,. Similarly, f(x) is in the set 2(g(x)) if there exist positive
constants ¢;, x; such that 0 < ¢g(z) < f(z) for all z > ;.

By convention, a complexity class is always labeled by the “simplest”
member of the set; thus while O(3x2 + 4x) is technically correct, we would
use O(z?) to denote this class. Throughout, g(x) and g(z) are assumed to
be simple functions labeling complexity classes, while f(x) and f(z) may be
arbitrary functions. The bar notation denotes functions that are estimates,
and functions without bars denote (typically unknown) target functions.

Each heuristic rule takes X, Y, and reports a class estimator g(z) together
with a bound type, either upper, lower, or close. Upper signifies a claim that
f(z) € O(g(z)), and lower signifies a claim that f(z) € 2(g(z)). A rule will
report a bound of close when the data is “too close to call” with respect
to the upper/lower bound criteria being used. Usually this occurs when the
data is indeed very close to the estimate, but in some cases a close result is
returned because of some unexpected property of the data set.

An upper bound estimate O(g(z)) is correct if in fact f(z) € O(g(z)). A
correct upper bound is ezact if it labels the smallest correct class that holds
the target function. Analogous definitions hold for lower bound estimates.
Some heuristics iteratively generate internal guess functions f(z) stopping
when come criteron is met and then reporting the corresponding estimate
g(z) obtained from the leading term of f(z).

We consider the five strategies outlined below.

— The Guess-Ratio (GR) rule “guesses” a function f(z) and evaluates the
guess according to the apparent convergence of the ratios Y/ f(X).
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— The Guess-Difference (GD) rule also guesses a function f(z), but evaluates
the differences f(X) — Y rather than ratios.

— The Power (PW) rule combines log-log transformation of X and Y, lin-
ear regression on the transformed data, and residuals analysis. Two varia-
tions PW3 and PWD are introduced that improve this method for curve-
bounding problems.

— The Bozx Coz (BC) rule combines a parametric transformation of Y values
with linear regression and residuals analysis.

— The Difference (DF) rule generalizes Newton’s divided difference method
for polynomial interpolation. The generalization ensures that the method
is defined and terminates for any data set.

Oracle Functions. In general, the rules can be viewed as interactive tools
or as offline algorithms. To accommodate both views, we describe the algo-
rithms in terms of a small set of oracle functions which decide, for example,
whether “residuals are concave upwards.” When the rules are used interac-
tively, a human provides the oracle values; when the rules are offline, simple
computations are used for each oracle function.

Trend(X,Y, c,). Returns a value indicating whether Y appears to be in-
creasing with X, decreasing, or meither. Our implementation compares the
correlation coefficient r, computed on X and Y, to a cutoff parameter ¢,
which is 0.1 by default.

Concavity (X,Y,s). This function performs a linear regression on X and
Y, smooths the residuals, and examines the signs of the smoothed residuals. It
returns “concave upward” if signs obey the regular expression (+)%(—=)"(+)"
(at least one plus, followed by at least one minus, followed by at least one
plus); it returns “concave downward” if they obey (=)™ (+)%(—)"; and oth-
erwise the function returns “neither.” The parameter s can be used to ad-
just the smoothing operation; the default low setting produces “less smooth”
residuals and more frequent “neither” results.

DownUp( X,Y,s ). The DownUp oracle examines smoothed Y values to
determine whether Y appears to be first decreasing and then increasing within
its range. If successive differences in smoothed Y values obey the regular
expression (—)T(+)T, the function returns True; otherwise it returns False.
The default low setting of parameter s (identical in purpose to the one for
Concavity) produces less smooth values and more frequent False results.

NextCoef(f, direction, cstep) and NextOrder(f, direction, estep).
Rules that iterate over several guesses require an oracle to supply the next
guess. Our implementation constructs functions f(x) = ax® for positive ra-
tionals a and b. NextCoef changes a according to direction (up or down) and
the cstep size. If a decrement of size cstep would give a negative coefficient,
then cstep is reset to cstep/10 before decrementing. NextOrder changes the
exponent b according to the estep size. In our tests the default estep is .001
for all but one rule, and the initial cstep value is .01.
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The remainder of this section presents a “justification” for each rule in
the form of a family of functions for which the rule is guaranteed to produce
correct results.

5.4.1 Guess Ratio

To justify the Guess Ratio (GR) rule, let the set Fgr contain functions of
the form f(z) = a12® + aga® + - -- + as2®, with rationals a; positive, and
rationals b; such that b; > 0, b; > 0, and b; > b; 1. Let the guess function be
of the form f(z) = x*. Then the ratio f(z)/f(x) has the following properties:

(1) When fi(x) € O(f(z)), the ratio decreases to a nonnegative constant as
x increases; (2) When f;(x) ¢ O(f(z)) the ratio eventually increases and has
a unique minimum point at some location x,. If x,, > 0, then the ratio shows
an initial decrease followed by an eventual increase. These properties are
established by an application of Descartes’ Rule of Signs [5.44] which (when
extended from polynomials to functions in Fgr having rational exponents
and coefficients) bounds the number of sign changes in the derivative of the
ratio.

The Guess Ratio rule exploits this property by guessing a function f(z)
and examining the ratio obtained for the finite sample X, Y. If a plot of X vs
Y/ f(X) shows an eventual increasing trend (perhaps with an initial decrease
at low X values), then case (2) must hold. If only a decrease is observed in
the plotted values, then cases (1) and (2) cannot be distinguished.

The Guess Ratio rule begins with a constant guess function f(z) = 2,
and increments the exponent b using the NextOrder oracle, iterating until
the ratios Y/f(X) do not appear to eventually increase. The Trend oracle
is used to determine whether the ratios increase. The largest guess f(w)
for which an eventual increase is observed is reported as a “greatest lower
bound” on the target f(x): thus this rule always generates a lower claim that
f(z) = 2(gi(x)), using the estimate g;(z) = f'(z).

When f(z) € Fgr and k > 2, the correctness of GR can be guaranteed
simply by defining “eventual increase” as Y[k — 1] < Y'[k] (recall that k is
the size of X). However our implementation uses the Trend oracle (which
calculates the correlation coefficient) for this test because of possible random
noise in Y. Thus for any data set (X,Y") and for our Trend oracle, the rule
must eventually terminate, but cannot be guaranteed correct.

5.4.2 Guess Difference

The Guess Difference (GD) rule also iterates over several guess functions
f(z), evaluating differences f(X) — Y rather than ratios. It produces an
upper rather than a lower bound estimate.

This rule is guaranteed correct for the set Fgp which contains functions
f(z) = cx? + e where ¢, d and e are positive rationals, by the following
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argument. Let the guess function have the form f(r) = ax®, and consider
the difference curve f(x) — f(x). When f(z) ¢ O(f(x)), this curve must
eventually increase (when x is “large enough”), and it must have a unique
minimum at some location x4. Also, note that x4 is inversely related to the
coefficient a in the guess: for large a the difference curve increases everywhere
(x4 = 0), but for small a there might be an initial decrease at small z. In the
latter case we say the curve has the DownUp property.

The GD rule starts with an upper bound guess f(x) = ax® and searches for
a difference curve having the DownUp property by adjusting the coefficient
a. If a DownUp curve is found, the rule concludes that f(x) overestimates the
order of f(z), so it decrements the exponent b and tries adjusting a again.
The lowest b for which the rule finds a DownUp curve is reported as a “least
upper bound” found. Thus if the rule stops at f'(z) = o'z, it reports an
upper bound f(z) = O(gy(x)) with g, (z) = z"".

Using an analysis similar to that for GR, we can show that when f(z) €
Fep and X is fixed and when k > 4, then there exists an a such that
f(X) — f(Y) will have the DownUp property. If the rule is able to find the a
that produces a DownUp curve in its finite sample, then the upper bound it
returns must be correct. In our implementation, if the rule is unable to find
an initial DownUp curve within preset limits on iteration, the rule stops and
reports the original guess provided by the user.

Note that Guess Difference rule cannot be guaranteed correct for functions
from Fgr (defined for the Guess Ratio rule), because these functions may
have several non-constant terms. If ¢ is the number of terms in f(z), and if
f(x) over-estimates the order of f(z), then the difference curve f(x)—f(x) can
have at most ¢ — 1 local minimal points (down-up-down-up-down-up) before
its eventual increase. A DownUp curve in the plot for the finite sample may
only be some initial fluctuation at small x, and it is not necessarily the case
that f(x) overestimates f(z).

5.4.3 The Power Rule

Power Rule (PW) modifies a standard data analysis technique for fitting
curves to data. Suppose that the set Fp contains functions f(z) = ca? for
positive rationals ¢ and d. Let y = f(z). Applying the logarithmic transfor-
mation ' = In(z) and y’ = In(y), we obtain ' = dz’ 4+ ¢. Now ¥’ is linear in
2, and the slope obtained by a linear regression fit of z’ to 3’ is equal to d,
the exponent in the original function.

The Power Rule applies this log-log transformation to the data sets X and
Y and then reports d, the slope of a linear regression fit on the transformed
data. Since we are interested in bounds rather than fits, the Concavity oracle
is applied to residuals from the linear regression fit. If the residuals appear to
be concave upward, then the rule concludes that the data is growing faster
than the fit, and returns a “lower” bound claim. If the residuals are concave
downwards, the the rule returns “upper.” If the residuals do not meet the
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convexity criteria for these two claims, the oracle returns “neither” and the
Power Rule returns “close.”

IfY = f(X) and f(X) € Fp then the Power rule finds the exponent d
exactly. If Y is a random variate such that Y = f(X)-€ and the random noise
component e obeys standard assumptions of independence and lognormality,
then confidence intervals on the estimate of d can be derived by standard
techniques (see [5.33] for details).

High-End Power Rule (PW3). When f(x) contains low-order terms
(such as ax® + e), the log-log transformed points do not lie on a straight
line. In this case, a linear regression using only the transformed points at the
7 highest X values might give a better asymptotic bound than one using all
k points. The PW3 variation on the Power Rule applies the Power rule to
the three highest data points corresponding to X[k — 2], X[k — 1], and X[k].

Power Rule with Differences (PWD). The differencing variation on the
Power rule attempts to straighten out plots under log-log transformation by
removing constant terms. This variation can be applied when the X values are
chosen such that X[i] = A- X[i — 1] for a positive constant A (for example, if
A = 2 then the X values are obtained by successive doubling. This variation
applies the Power rule to successive differences in adjacent Y values, rather
than to Y values alone.

To justify this rule, suppose Fpwp contains f(z) = cx? + e where c,d
and e are positive rationals, and let Y = f(X). Set Y'[i] = Y[i + 1] — Y]
and X'[1..k — 1] = X[1..k —1].

Then we have

VI[i] = f(X[i +1]) = f(XTi])
eX[i+1]4+e—cX[i]?—e
= ¢(AX[i))? — eX[i]

= c(A)*X[i]* — eX[i]?

= X[i]%(cA? - ¢)

Now Y’ = ¢/ X'?: that is, the exponent is the same as in the original, there
is a new coefficient, and the constant e has been removed. The Power rule is
then applied to Y’ and X’ in order to bound the exponent d. If f(x) € Fpwp,
Y = f(X) and k > 4, then the PWD rule is guaranteed to find d exactly.

Note that it is straightforward to extend this result to show that taking
differences on Y twice will remove a logarithmic term.

5.4.4 The BoxCox Rule

To generalize the power rule, a standard approach in curve-fitting is to find
transformations on Y or on X, or both, that produce a straight line in the
transformed scale, and then to invert the transformation to obtain an estimate
of the original curve. For example, if ¥ = X2, then a plot of X vs v/Y would
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produce a straight line, as would a plot of X2 vs Y. One difficulty with the
general approach is that it can be hard to find a good statistic to compare
the quality of different transformations because the transformation changes
the scale of the data points.

The Box-Cox ([5.1, 5.10]) curve-fitting method applies a transformation
on Y that is parameterized by A, and defines a “straightness” statistic that
permits comparisons of transformations across different parameter levels. The
transformation is as follows:

A
SO0 _ % ifA#£0
YIn(Y) if A\=0

where Y is the geometric mean of Y, equal to exp(mean(ln (Y))). The
“straightest” transformation in this family minimizes the Residual Sum of
Squares (RSS) statistic which is calculated from X and Y.

Our BC rule iterates over a range of guesses f(z) = x° generated by the
NextOrder oracle (with the range specified by the user). The rule evaluates
Y with A =1 /b at each iteration, and the b’ that produces the minimum
RSS statistic is returned as the complexity class estimate g(z) = z¥. The
Concavity oracle is then applied to residuals from the linear regression fit
under the transformation, to determine the type of bound claimed (upper,
lower, close).

When f(z) = Fpw, Y = f(X), k > 2, and when NextGuess oracle
includes f(z), this rule is guaranteed to finds the function exactly. With
standard normality assumptions about an additive random error term, it is
possible to calculate confidence intervals for the estimate on exponent b: see
[5.1] or [5.10] for details.

5.4.5 The Difference Rule

The Difference heuristic extends Newton’s divided difference method for
polynomial interpolation (see [5.40] for an introduction) This method cal-
culates Y1 = diff(Y)/diff(X), where diff(Y) denotes the differences be-
tween successive values in Y (and is therefore of length k& — 1), and X! =
X[1...k—1].If after d such calculations the resulting Y'¢ values are all equal,
then we can conclude that f(x) is a polynomial of degree d.

The extension used here applies when when Y contains random noise and
nonpolynomial terms. The method iterates numerical differentiation on X
and Y until the data “appears to be non-increasing,” according to the Trend
oracle. The number of iterations d required to obtain this condition provides
an upper bound guess g(z) = x?. If f(z) is a positive increasing polynomial
of degree d, and if k > d, and Y = f(X), then this method is guaranteed
correct. Much is known about numerical robustness, best choice of design
points, and (non)convergence when k < d.
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5.4.6 Two Negative Results

A basic requirement is that a curve-bounding heuristic be internally con-
sistent. For example, it should not be possible to reach the contradictory
conclusions “Y is growing faster than X2” and “Y is growing more slowly
than X2” on the same data set, merely by applying variations on the heuris-
tic rule. Surprisingly, two plausible approaches included in our initial study
turned out to have exactly this failure.

The first, perhaps the most obvious approach to the problem of bounding
empirical curves, is to use general (nonlinear) regression to fit a multi-term
function f(zx) to the data set. The leading term of f(z) would provide the
complexity class estimate, and the curvature of the residuals from regression
analysis would provide the upper/lower bound claim.

Several general regression methods are known in the literature. These
methods can be viewed as simple types of heuristic search, where a “step”
from the current model f;(z) to the next involves the addition or removal (or
both) of an additive term, and the objective function (to be minimized) is a
goodness-of-fit statistic such as the residual sum of squares (RSS).

In preliminary tests we found the RSS to be woefully inadequate for curve-
bounding problems, in the sense that the statistic was quite oblivious to how
close the leading term of f(z) was to that of true function f(z). Nor were we
able to discover a substitute statistic that could distinguish between a variety
of guesses having different leading terms. As a result, when experimenting
with this general regression method there was no sense of “convergence”
towards a correct answer, and our “final” results were primarily artifacts of
the stepping rule applied during the heuristic search. It seems an interesting
problem for future research to determine whether general regression can be
adapted to the curve-bounding problem.

The second approach is based on Tukey’s [5.42] “ladder of transformation”
technique, by which the X or Y values (or both), are transformed according
to functions along the scale

) .x_l,x_l/z,log(x),xl/Z,xl,xQ .

until the transformed data appears as a straight line. The best transformation
on X, or inverse of the best transformation on Y, produces the asymptotic
bound g(z).

We implemented two versions of this approach, one which systematically
applies transformations to Y, and one which transforms X. The straightness
of each transformation was assed by the RSS statistic with respect to a linear
regression on the transformed data; the upper/lower bound was determined
by the Concavity oracle (or by visual inspection).

Our preliminary investigation showed that this approach frequently gives
contradictory results depending on whether the transformation is applied
to Y or X. The problem is that the correct transformation for the leading
term of f(X) can be difficult to find when a large (or even moderately-sized)
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second-order term is present, and the importance of the second-order term
varies considerably depending on whether Y or X is transformed. In our
early tests these two rules frequently gave contradictory bound claims, such
as both 2(x22) and O(z18).

As a result of these early failures, these two approaches were abandoned
prior to the developement of the designed experiments, and are not consid-
ered further here. Note that the BoxCox curve-fitting method can be seen
as a formalization of Tukey’s transformation ladder (restricted to Y trans-
formations), and some of the difficulties that we observe for BC may have
similar foundation.

5.5 Experimental Results

The rules have been implemented in the S language [5.5], which is supported
by the Splus software package designed for statistical and graphical computa-
tions. The main set of experiments were carried out on a Sun SPARCstation
ELC, using functions running within Splus; some supporting experiments
were conducted using the Lisp-based CLASP statistical/graphics package.
Timing statistics would be very misleading in this context and are not re-
ported in detail.

Roughly, however, the three Power rules required a few microseconds, and
two of the iterative rules (Guess Ratio, BoxCox) usually took no more than
a few seconds per trial (each trial corresponding to around 20-50 iterations
of guess function generation). The Guess Difference rule iterates over two
parameters (e and c), and was significantly slower than the other iterative
rules; therefore a coarser estep value in the NextOrder oracle (0.01 instead of
0.001) was adopted to produce comparable wall clock times for this heuristic.

5.5.1 Parameterized Functions

The first experiment uses constructed functions f(z) = ax®+cx?, with b > d,
with a positive, and with no randomization. To illustrate the sensitivity of
the rules to low-order terms that may dominate at small x, this experiment
varies the relative magnitudes of a to ¢ and of b to d. Here the input vector
X is small, containing powers of two ranging between 16 and 128.

Note that all of the successful examples in Section 5.3 use much larger
problem sizes than are presented here. At any given maximum problem size,
any curve-bounding rule will have no difficulty detecting asymptotic trends
on “easy” functions having b >> d and a > c. Similarly, any curve-bounding
rule will fail on “hard” functions with b ~ d and/or a < ¢. The goal of this ex-
periment is to “stress” the rules and find the limits of successful applicability
by using and difficult test functions for the given problem sizes.

To that end, the parameter values used in this experiment were selected
(from the enormous space of possible combinations) after several weeks of
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informal testing in order to locate the boundaries between easy and hard
functions and problem sizes vfor these rules. Each parameter is allowed to
vary within a range that causes some rules to move from success to failure.
Curve-bounding rule that fail here will also tend to fail on harder functions
and/or smaller problem sizes.

The exponent b takes three values [0.2,0.8,1.2]. Our initial exploration
suggested that functions with exponents above two are generally quite easy
to bound. Also, many open problems of interest to algorithm analyzers involve
functions with exponents below two (see Section 5.3). Non-integer exponents
were chosen here to avoid “lucky guesses” in our parallel tests using human
oracles (since people tend to start guessing with integers). Similarly, the fixed
coefficient a = 3 was chosen because people tend to guess one and ten first.

For each b value the second exponent d is set to [0,0.2,b— 0.2], subject to
the restriction that d < b. The zero provides a constant second term, the 0.2
gives a second term which is “small” compared to b, and the third exponent
is “near” b. For d = 0, the constant c is set to 104, and when d > 0 the
coefficient ¢ takes values from [1, —1,10%] (small, negative, and large).

Figure 5.5 presents raw results from an experiment using all combinations
of b, ¢, and d described above, plus three extra tests identified as functions
1, 2, and 11 (to illustrate some observations made below). In function 11 the
constant 10 is added to ensure that all y values are positive, because some
rules cannot handle negative y values.

The table shows the leading exponents that were returned by the rules. On
functions 1 through 3, the correct exponent is 0.2; on functions 4 through 11 it
is 0.8; and on functions 12 through 17 the exponent is 1.2. The notations (1, u)
indicate the type of bound reported by the rule, either lower or upper. These
numerical results have been rounded to two decimal places — lower bounds
were rounded down, and upper bounds were rounded up. An underline marks
a bound that is incorrect. A * marks a case where the heuristic failed to return
an answer, usually because of lack of convergence.

Many intriguing observations arise.

The Guess Ratio (GR) rule, possibly the most widely-used curve-bounding
technique in the folklore, performs surprisingly poorly. While it is frequently
correct and close, it never dominates the three Power rules, and it always
fails on functions having negative second terms (6, 9 and 16), even when the
magnitude of the second term is small. This rule begins with a low guess
function and iterates, increasing guesses, until the Trend oracle reports the
ratio is “not increasing.” With a negative second order term, the true func-
tion approaches its asymptote from above, which fools the oracle. A more
sophisticated termination test might reduce this problem; but on the other
hand we note in Section 5.6.1 that using a human to provide the termination
test gives worse results in general.

Note that GR tends to “track” large positive second terms, producing
correct, but less tight bounds, when the second term dominates the data.
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Function GR GD PW PW3 PWD BC DF
1 3292+1 0.171  0.24u 0.171 0.171  0.20u 0.171 1lu
2 32°2% +10° 0.011 0.24u 0.011 0.011 0.20l 0.01 1lu
3 3z%% 4104 0.00l  0.24u 0.001  0.0001 0.201 * 1u
4 32°% 4+ 107 0.001 * 0.001  0.000 0.801 * 1u
5 3298 4 402 0.771  * 0.771  0.781  0.791 0.791 1u
6 32°% — z02 0.821 * 0.83u  0.82u 0.81u 0.8lu 1lu
7 3z%% +10%2%2 0.200 * 0.201  0.201  0.2001 0.201 1u
8  3x08 4 06 0.771  * 0.771  0.771  0.771  0.771  1u
9 3z08 406 0.831 0.88u 0.85u 0.84u 0.83u 0.811 1u
10 3z°% +10*z%¢ o600 * 0.60l  0.601  0.601 0.601 1u
11 31,0.8 _ 104.%‘0'6
+10° -0.011 * -0.06u  -0.09u * * Ou
12 322+ 107 0.031 1.3u 0.031 0.051 1.21 * 2u
13 31?4 202 1.181  1.22u 1.18l 1.191 1.191 12u 2u
14 3z'?+10%*2%% 0211 * 0.211  0.221 0.261 0.231 1lu
15 3zt 4ot 1.171  1.3u  1.171 1.171 1.171  1.18u 2u
16 3z'? —gz! 1.231  1.27u  1.25u 1.24u  1.24u 1221 2u
17 3z'? +10%z! 1.001 * 1.001  1.001  1.00l 1.0l 1u

Fig. 5.5. Parameterized nonrandom functions. The numbers indicate the leading
exponents returned by the rules. The notations 1, u, indicate whether a lower or
upper bound was returned. These numbers have been rounded to two decimal
places — lower bounds were rounded down and upper bounds were rounded up. An
underline marks a bound that is incorrect. The starred entries (*) mark cases where
the rule failed to return a result

On functions 1, 2, and 3, for example, the bound actually decreases as the
constant term becomes more important. Similarly, functions 3, 4, and 12 have
the same constant second term, and in these three cases the bound returned
by GR fails to follow the leading exponent. Finally, notice that performance
deteriorates with respect to the function pairs (5 and 7), (13 and 14), and
(15 and 17), which differ only in the coefficient on the second term.

The Guess Difference (GD) column contains several starred entries that
mark cases where the rule failed to find an initial DownUp curve. In cases it
returned the user-supplied starting guess, which was either 1z! (functions 1
through 1